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1. Introduction

The Least-squares AMBIguity Decorrelation Adjustment method, or LAMBDA method,
has been introduced in Teunissen (1993) and it has been adopted over almost 30 years. The
method deals with mixed-integer models’ estimation problems, with some of the unknown
parameters subject to integer constraints. An example can be found in Global Navigation
Satellite System (GNSS) applications, where by resolving integer-constrained ambiguities
in the carrier-phase measurements it becomes possible to exploit their millimeter-level
precision. This is only one example of LAMBDA supported applications, and others will
be discussed later in this documentation.

1.1. History of LAMBDA developments

The LAMBDA toolbox has originally been developed in the 1990s at the Delft University
of Technology. A timeline of past and current implementations is given in Figure 1.

1990 @ 2000 2010 2020 2030
(PO O OO om0 P Ol Ol e o O O RO o O e e e S e O O e e e e e O RO e e

LAMBDA 2.1 Ps-LAMBDA 1.0

(2001) | (2013, w/ GUI)
(1996) (2024) .
FORTRAN 77 | LAMBDA 2.0 LAMBDA 3.0 4\ MathWorks:

(1997) G @ python
4\ MathWorks 4\ Mathworks
'3‘ pytnon

Figure 1: Timeline of the LAMBDA software implementations, and programming languages
considered for each release version.

A first release of LAMBDA software, Version 1.0, was provided in Fortran-77 and main
implementation aspects are extensively described in de Jonge and Tiberius (1996). This
was later translated by Kai Borre to MATLAB Version 2.0, see Section 15.6 in Strang and
Borre (1997), while further improved to Version 2.1 by Joosten (2001). In Verhagen et al.
(2012), a LAMBDA Version 3.0 has been presented for MATLAB environment, and later
translated to Python language by Psychas et al. (2019). In addition to LAMBDA toolbox
developments, dealing with integer estimation and validation, an additional Ps-LAMBDA
toolbox, Version 1.0, was implemented by Verhagen et al. (2013), which focuses on the
statistical evaluation of the ambiguity success rate.
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1.1.1. Improvements in Version 2.1

The main features and improvements, with respect to earlier versions, are:

Good readability of the software.

A modular approach with a limited set of subroutines, enabling one to perform for
example only the decorrelation-step, only the search-step, or both steps.

Possibility to find a number of candidates larger than 2, which can be very useful
for research purposes.

The size of the search ellipsoid is based on bootstrapping instead of rounding (if
requested number of candidate vectors is smaller than n + 1, with n the dimension
of the float ambiguity vector).

1.1.2. Improvements in Version 3.0

The main features and improvements, with respect to earlier versions, are:

An alternative search strategy is implemented, based on searching in an alternating
way around the conditional estimates and shrinking the search ellipsoid. The latter
was proposed in Teunissen (1993), see de Jonge and Tiberius (1996). Chang et al.
(2005) implemented the technique in their MLAMBDA package.

The bootstrapping and rounding estimators can be applied in case one does not
want to apply Integer Least-Squares (ILS).

It is possible to output the integer bootstrapping success rate with decorrelated
ambiguities. This success rate, following decorrelation, is known to be a tight lower
bound of the ILS success rate (Teunissen 1999).

Partial ambiguity resolution can be applied, based on fixing a selected subset of the
decorrelated ambiguities such that the success rate will be larger or equal to a
minimum required success rate.

The Ratio Test can be applied to decide on acceptance of the fixed solution. The

model-driven Ratio Test with Fixed Failure rate can be applied or the Ratio Test
with a fixed (user-defined) threshold value.
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1.1.3. Improvements in Version 4.0

The main features and improvements, with respect to earlier versions, are:

Implementation of the main algorithms has been improved, now computationally
more suitable for high dimensional problems.

Additional functionalities are implemented, as well as new (classes of) estimators
are also introduced, such as
o Vectorial Integer Bootstrapping (VIB), member of the Integer class and
introduced in Teunissen et al. (2021);
o Integer Aperture Bootstrapping (IAB), member of the Integer Aperture
class and introduced in Teunissen (2005a);
o Best Integer Equivariant (BIE), member of the Integer Equivariant class and
introduced in Teunissen (2003a);

A novel integer search algorithm is adopted, firstly introduced in Ghasemmehdi
and Agrell (2011).

An alternative partial ambiguity resolution (PAR) approach is included now, while
making use of the BIE estimator.

The look-up tables from Hou et al. (2016) have been adopted for the Fixed Failure-
rate Ratio Test (FFRT).

In the MATLAB implementation, no additional toolboxes are needed for any of the
LAMBDA and/or Ps-LAMBDA functionalities.

This new LAMBDA 4.0 toolbox merges LAMBDA 3.0 and Ps-LAMBDA 1.0 capabilities,
where many Ps-LAMBDA functionalities are enhanced by the algorithms’ improvements
of the new version, in particular for what concerns numerical simulations. These ones are
now available for several estimators and different classes, thus providing an approximation
for their success and/or failure rate.

An overview of all main LAMBDA 4.0 functionalities will be given later in Section 3.
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1.2. Disclaimer
This new LAMBDA 4.0 implementation, as also older versions, is mainly intended for
research purposes. Hence, even though the LAMBDA method itself is improved in terms
of computational efficiency, the code could still be optimized for specific problems. In
fact, given the large applicability of the LAMBDA method to different mixed-integer
problems, more tailored implementations might be possible and this should be taken into
account when making a performance comparison against other methods.

Lastly, in addition to the two LAMBDA and Ps-LAMBDA main scripts, we provide the
users with open source access to several toolbox functionalities that can also be used as
standalone functions. This further supports the integrability of LAMBDA 4.0 routines in
current or future software. We refer the reader to LAMBDA 4.0 User Manual for further
information and examples.

1.3. Outline

This documentation is organized as follows:

e In Section 2, an overview of the LAMBDA method is provided, introducing mixed-
integer models, discussing the ‘ambiguity decorrelation’ step and different classes
of estimators.

e In Section 3, a summary description of the LAMBDA 4.0 toolbox is given, where
we focus on all functionalities available for both LAMBDA (for estimation
purposes) and Ps-LAMBDA (for evaluation purposes).

e In Section 4, some practical applications of LAMBDA 4.0 are discussed, including
both GNSS and non-GNSS problems. Hence, some illustrative examples are given

for what concerns estimation and evaluation.

e In Section 5, we summarize the Terms and Conditions relative to the proper use of
this new LAMBDA 4.0 toolbox.
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2. The LAMBDA method

The LAMBDA method (Teunissen, 1995) is an efficient approach to ambiguity resolution,
important step in the estimation of parameters in mixed-integer models. Following a 3-step
orthogonal decomposition of the problem, as introduced in Teunissen (1993), LAMBDA
makes use of an admissible transformation, or Z-transformation, in order to decorrelate the
ambiguities. This decorrelation process increases the success rate for several estimators,
while improving the computational efficiency of many others. Three different classes of
estimators are defined (Teunissen, 2003c), and will be described later in this section.

2.1. Parameter estimation in mixed-integer models

We start with a linear(ized) mixed-integer model, given y € R™ as vector of observables,
and Q,,, € R™*™ its variance-covariance (vc-)matrix, such that

E{y} =Aa+Bb, D{y}=0Qy, 1)

where E{-} and D{-} are the expectation and dispersion operators, respectively. The vectors
a € Z"™ and b € RP refer respectively to integer ambiguities and real-valued parameters,
while the full-rank design matrix is given by [4, B] € R™*®+P),

In general a three-step procedure is employed to solve such mixed-integer models, based
on a weighted least-squares criterion, where we consider the quadratic objective function

2

ly — Aa - BbII3,, = ll2ll3,, + Il - all3,, + |[B(a) - b| @)

where ||x|§ = xTQ™*x. By this orthogonal decomposition (Teunissen, 1993), we compute

Q5@b(a)

Step 1 | Float solution

In this first step, the integer constraints on the ambiguities are neglected, assuming
a € R" and b € RP, and a standard least-squares solution is initially found as

~ T
a aa Qpa 3
@[3 &l @
where @ = y — Aa@ — Bb is the least-squares residual vector, meanwhile Q5 € R™" and
Q55 € RPXP are the vc-matrices of the float-valued ambiguity and real-valued parameters’
estimator, respectively. Lastly, Q55 € RP*™ refers to their covariance matrix.
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Step 2 | Ambiguity resolution

A second step follows, where starting with the ambiguity float estimator a € R",
and its vc-matrix Q44, We can obtain a fixed ambiguity estimator as

a = J,(a) (4)

given a certain mapping function 7, that is defined for a selected estimator. Three different
classes of estimators are introduced in Teunissen (2003c), as summarized in Section 2.3.

Step 3 | Fixed solution

In the third step, the float solution b of all remaining real-valued parameters is then
conditionally updated using the fixed ambiguities &, such that
b=b(a) = b - Qp,Q:5(@—a) ()
with its vc-matrix given — in the normally distributed case — as
Qs5 = Q55 — Q5aQaqQas + Q5alaaQuaQaaQas (6)

b
where for Q44 = 0, i.e. the fixed ambiguity is assumed to be deterministic, we obtain

Q5 = Qp5 — 052024 Qap ©)

2.2. Ambiguity decorrelation
The ambiguity resolution step, shown in Eq.(4), refers still to the original parametrization
of ambiguities. However, those ones are generally highly correlated and in some cases
their float estimator has a poor precision. By reparametrizing the ambiguities, the precision
of ambiguity components can be improved and their correlation can be largely reduced.

This ambiguity decorrelation process is also referred to as “Z-transformation”, where the
new set of float ambiguities Z € R™ is obtained as follows

z=7"a (8)
with Z € Z™*™ being a unimodular matrix, and a reparametrized float solution is given by
Z Qz2 Qp,
2), 9
(b) bz Qpp ®)

similarly as previously shown in Eq.(3).
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The transformed vc-matrices are now defined as
Qz2: =Z"QaaZ,  Qps = QpaZ (10)
and an ambiguity fixed solution, following this decorrelation, is obtained with
z=17,(2) (11)
where 7, is a certain mapping function. However, for several estimators we have
7=9,Z"a) #Z"1,(a) = Z"d (12)

and the fixed solution might be dependent upon the parametrization. For a few estimators,
the relation 7,(Z7a) = Z73,(@) holds, but the decorrelation remains an important way to
enhance their computational performances.

After an ambiguity fixed solution is obtained, the b-parameters are conditionally updated
following Step 3 from Section 2.1. However, the back-transformation is not per se required
since we can directly work with the new z-parametrization, i.e.

b=b(Z) £ b-Q0;2-2 (13)

thus saving unnecessary additional computations, and assuming Q;; = 0, we have
Qp5 = Qpp — Q5202 Q25 (14)

with the transformed matrices given in Eq.(10).

2.3. Different classes of estimators
Three classes of estimators are introduced in Teunissen (2003c):

I. Integer estimators, i.e. I-class (Section 2.3.1)
I. Integer Aperture estimators, i.e. IA-class (Section 2.3.2)

[11. Integer Equivariant estimators, i.e. IE-class (Section 2.3.3)

where a set relationship exists among such classes, as we have I c IA c IE. Each class is
characterized by different properties, based on the family of maps 7 being defined. A small
illustration with an example of a single member per class is given in Figure 2, where this
aforementioned set-relationship is also visible.
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In LAMBDA 4.0 toolbox, only a few members of each different class are implemented,
and we refer the reader to Verhagen (2005) for more mathematical details on several other
existing estimators that are currently available in the body of knowledge.

IE-class

TA-class

I-class
eg.  IAB _ eg. BIE

0+

-1+

“No overlaps’

‘Integer remove-restore’

Figure 2: A graphical overview of the three main classes and their set relationship

2.3.1. Integer (I) estimator class
The I-class has been introduced in Teunissen (1999a) and it is the most restrictive class. In
fact, an integer solution a; € Z™ is required, and I-estimators are given by many-to-one
mapping functions 7,: R™ — Z", defining so-called pull-in regions. These regions leave no
gaps, have no overlaps and are equivariant to integer translations, such that
9, (@+z)=79,@) + z, vz e Z" (15)

where the integer remove-restore property holds for any integer shift to the float input.

An expression for these I-estimators can be given as

a2 9,@= ) 25,@=a+ Y (z-8)s5@ (16)

VA<YAL VA=Yl

where s,(x) is an indicator function, equal to 1 if x € S, or equal to 0 otherwise. A pull-in
region S, concerns all vectors in R™ that are pulled to the same integer z-vector, so that

S,={xeR"|z=17,(x)}, AN/ (17)

with the volume of each S, being equal to one.
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Three conditions shall be satisfied:

USZ=1R"

(18)

VASV/AL
Int(SZl) N Int(SZZ) =0, Vz4,2, €I, Z, #* Zy (19)
S, =5+ z, vz € Z" (20)

being respectively “no gaps”, “no overlaps” and “integer remove-restore”. All these three
properties hold for any arbitrary integer estimator a; € Z", where the first condition makes
sure that an integer value is always returned given a certain float a@ € R™.

2.3.2. Integer Aperture (IA) estimator class
The IA-class has been introduced in Teunissen (2003b) and is larger than the I-class. In
fact, it is defined by dropping the ‘no gaps’ condition to the pull-in regions. An integer
solution a;4 € Z™ follows only if @ belongs to the IA pull-in region, otherwise a float
solution will be returned. Such IA-estimators reduce the probability of wrongly fixing the
ambiguities, and for @;, = @ no improvements are expected since b(@) = b.

An expression for these | A-estimators can be given as follows

G 9,@ =@+ ) (2-2)v,@ 1)
VASYAL
where v,(x) is an indicator function of Q, = QN S,, where Q c R" is here translational
equivariant. By comparing this expression with the one given in Eq.(16) for I-estimators,
we observe a difference in the binary weights s, (x) and v,(x), respectively adopted for the
I- and IA-class. In fact, in this second case, we have

z v,(x) <1 (22)

VA=Y/AL

and this means that the outcome is not always an integer value for 1A-estimators.

2.3.3. Integer Equivariant (IE) estimator class
The IE-class has been introduced in Teunissen (2002) and it is the largest class, so both the
I-estimators and IA-estimators are special cases of IE-estimators. In this larger class, the
integer remove-restore principle still applies, and the fixed ambiguity solution can be real
valued, i.e. a;z € R™.
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Many different IE-estimators can be designed, and for some specific choices, see (ibid), we
can write

G £ Ip(@ = ) z0,@ =8+ ) (Z-@) 0,@ @3)
VASYAL VASYAL
where w,(x) is no more a binary indicator, but a weighting function that can vary between
0 and 1. In this particular case, the output solution is indeed a weighted sum of all integer
candidates over the entire set Z™, where Y. ,czn w, (@) = 1.

Given that it is not very practical to work with an infinite n-dimensional set of integers, the
latter can generally be approximated by a finite set Q, c Z", where a < 1 refers to the
significance level (Teunissen, 2005b). Once the size of the integer set has been defined, all
integer vectors can be collected, e.g. making use of LAMBDA 4.0, and an approximated
solution can be computed by making use of proper weights (Teunissen, 2020a).

We refer the reader to Verhagen (2005) for additional mathematical details on these three
classes of estimators, meanwhile we continue now by introducing LAMBDA 4.0 toolbox,
which currently implements a few members from each class.
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3. LAMBDA 4.0 toolbox

The LAMBDA 4.0 toolbox mainly focuses on “Step 2 described in Section 2.1. It merges
all main LAMBDA and Ps-LAMBDA functionalities, and it provides now more advanced
algorithms and additional (classes of) estimators. A flowchart illustration for this toolbox is
given in Figure 3, where inputs and outputs are illustrated, along with the two main scripts
relative to LAMBDA (estimation) and Ps-LAMBDA (evaluation) functionalities.

LAMBDA 4.0 toolbox

Float e N Fixed
solution  / . solution
' | LAMBDA |
e (Y L N e
a,Qaa | o d,la = dllg,,
E ; -------------- [ Function #l_LL_ :
' | Ps-LAMBDA :
! . _Success Rate
=y ---- IHIHI' ————— IA [ T X >
Qaa | ' Failure Rate
Y i

e e o Em Em m Em

Figure 3: Flowchart for the LAMBDA 4.0 toolbox, including inputs and outputs, along with
the two main scripts: LAMBDA and Ps-LAMBDA.

It should be noted that all toolbox functionalities are ‘open source’ and can be used by the
LAMBDA users for more advanced computations. Hence, they can be seen as standalone
functions in this new toolbox, which might more easily be integrated in external software
programs.

Before describing LAMBDA and Ps-LAMBDA functionalities, including estimators and
methods been implemented, we briefly discuss the Z-transformation adopted to decorrelate
the ambiguity parameters. Note that in Ps-LAMBDA, the decorrelation is optional, and a
statistical evaluation using the original parametrization is therefore also possible.
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3.1. Admissible Z-transformation

In LAMBDA, an admissible transformation is obtained by means of a unimodular matrix
Z € 7™, which re-parametrizes the ambiguities into z = ZTa. Due to the integerness of a,
it is fundamental that a back-transformation from z € Z" also leads to integer ambiguities,
such that @ = Z~Tz with a € Z™. This so-called Z-matrix is computed here starting with a
LTDL-decomposition (Section 3.1.1), then alternating permuting operations with Integer
Gauss Transformations (IGTs). We refer the reader to de Jonge and Tiberius (1996) for
more mathematical details on this ambiguity decorrelation process.

3.1.1. LTDL-decomposition
Given Q44 € R™ as vc-matrix of the float ambiguities, we have

1 0 0 d,
Qaa = LiDala,  La = 12:1 1 O » Da= < (24)
b bz 0 1 dy

where L; € R™ and D; € R™ are respectively a lower unit-triangular and diagonal matrix,
with the latter containing conditional variances o2 = d;. Note that the last-to-first

convention has been adopted in previous implementations, and this justifies the consistent
use here of a L'DL decomposition rather than a LDLT decomposition.

ili+1,...n

3.1.2. Integer Gauss Transformations (IGTs)
The Integer Gauss Transformations (IGT), see Teunissen (1994), is a particular type of Z-
transformation, which represents an admissible ambiguity transformation given by

;4
. _[1 0]
Z = Zigt . ]' Zigr = [aIGT 1 (25)
n—-i—1
with a;qr € Z and det(Z;gr) = 1, such that
=17 = il . L9 8 L, = [ 1 0 (26)
B I ’ 227 g+ aer 1

Ly, L3 Lis
so the conditional variances are not directly affected by such a Z-transformation. Only the
blocks in red color are modified, and unconditional variances will also change. It is trivial
to observe that in L5, = L3, Z;gt We are adding the second column of Ls,, being scaled by
the a7 coefficient, to the first one.
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A full decorrelation in L, could be achieved by choosing ajgt = —l;41;, however this is
generally not possible given the integer condition on «a;¢r, such that Z;zr and Z’ remain
still admissible transformations. An approximation is then adopted, i.e. ajgt = —[lm,i],

with [-] referring to a nearest integer operator, thus leaving the new off-diagonal term [;, , ;
in L%, bounded within 0.5 in modulo.

Such procedure could be re-iterated for all off-diagonal entries of L, see Teunissen (1994)
and de Jonge and Tiberius (1996), such that for Z'(i, j) = a;¢r, with i > j, we have

li; =1l +agr
(27)
l]lc,] = lk,j + aIGle,i, k=i+ 1, e, n
and we could proceed iterating by columns or rows. In LAMBDA 4.0 toolbox, a dedicated
standalone functions for computing such IGTs is provided, based on iterations over rows
from top to bottom, i.e. i = 2, ..., n, and columns from left to right, i.e. j =1, ...,i — 1.

3.1.3. Permuting operations

The permuting operations are fundamental for the ambiguity re-parametrization, as they
allow modifying the spectrum of conditional variances. Permutations in LAMBDA refer
only to adjacent swapping, where a local transformation is adopted here based on a 2-by-2
permutation matrix Zpgry € Z2*2. Other non-local transformations are possible, while not
discussed here, but a key aspect concerns the efficiency of such operations. In fact, after a
permutation, the L' DL-decomposition needs to be recomputed, but this is not necessary for
some particular trivial permutations (as adjacent swapping). We refer to the Section 3.6 in
de Jonge and Tiberius (1996) for more mathematical details.

In LAMBDA 4.0 toolbox, a so-called “lazy transformation” is employed, as introduced in
Section 3.1.3 of MLAMBDA by Chang et al. (2005). As permutations modify also entries
of the L-matrix, the previously bounded values might be no more bounded and therefore
often the IGTs are wasted due to a successive permutation. Such a “lazy” strategy consists
in avoiding certain IGTs and ultimately leading to a flattened spectrum of conditional
variances, but without fully bounding the L matrix. This is justified by the fact that the
bootstrapped success rate is only dependent on the D matrix, nevertheless in LAMBDA 4.0
we still compute a full decorrelation by means of IGTs at the end of the iterative process,
so following what been discussed in Section 3.1.2. Hence, differently from MLAMBDA,
we always assure that |1} ;| < 0.5, Vi > j.
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3.2.

LAMBDA functionalities

The overview of LAMBDA functionalities is given in Figure 4.

o) |

Description } [ Options }

4( estimatorIR

Integer Rounding ‘ ‘ - ‘

L]

—{ estimatorIB ‘ ‘ I ‘ ‘ Integer Bootstrapping ‘ ‘ - ‘
4{ estimatorILs ‘ ‘ I ‘ ‘ Integer Least Sqlllares ‘ ‘ . 4 of candidates ‘
(search-and-shrink) )
—{estimator‘I LS_enum ‘ I ‘ ‘ Integer Least Squares ‘ ‘ « # of candidates ‘
- L (enumeration) )L /
(.. ( | [ Partial Ambiguity Resolution ‘ ‘ « # of candidates ‘
‘estlmator‘PAR ‘ ! ‘ ‘ (with ILS estimator) /| * Minimum SR
(s ( Vectorial Integer Bootstrapping | [+ Use IR or ILS
estimatorVIB ‘ ‘ . . ‘ ‘ e
4{_ ! L (with IR or ILS estimator) ) |+ Partitioning of blocks

IA

Integer Aperture w/ Ratio Test J L

Aperture parameter gy
Maximum FR

—[estimator‘IAB

Maximum FR

estimatorIA_ RT ]

—{ estimatorBIE

IE

Best Integer Equivariant

{ 1A J {Integer Aperture Bootstrapping} L
‘\ ‘ ‘ (finite approximation)

Aperture parameter 845 J

‘ ‘ * Significance level ag;

Figure 4: Overview of all LAMBDA functionalities available in this new v4.0 toolbox.

The LAMBDA 4.0 toolbox implements several methods, and includes all the three classes
of estimators (see Section 2.3). A few members from each class are implemented, while for
some methods a few different configurations are also possible.

In the next sections we will briefly review the implemented methods, such as

>
>
>

VVVVY

Integer Rounding
Integer Bootstrapping
Integer Least Squares

o by Enumeration

o by Search-and-Shrink
Partial Ambiguity Resolution
Vectorial Integer Bootstrapping
Integer Aperture with Ratio Test
Integer Aperture Bootstrapping
Best Integer Equivariant

| Section 3.2.1

| Section 3.2.2

| Section 3.2.3
| Section 3.2.3.1
| Section 3.2.3.2

| Section 3.2.4

| Section 3.2.5

| Section 3.2.6

| Section 3.2.7

| Section 3.2.8
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3.2.1. I-class | Integer Rounding (IR)
In the class of Integer estimators, the Integer Rounding (IR) is perhaps the simplest way to
obtain an integer vector from the real-valued float solution. This IR estimator reads as

[a4]
apR = ( : ) (28)
[an]

where [-| stands for scalar rounding to the nearest integer.

In general, the IR pull-in regions are n-dimensional unit cubes centered at each grid point,
where we can write

1
Poir ={x€]R”| |c?(x—z)|sz,i=1,...,n}, zEI" (29)
with c; being the canonical unit vector with 1’ as its i-th entry, and ‘0’ otherwise.

PARAMETRIZATION:
The IR estimator is dependent upon the ambiguity parametrization, so Z;g # ZT @;g, Where

2 = ZTd, and this affects the probability of correct fixing, so P(a@;g = a) # P(Zig = 2).

An example of 2D pull-in region is given in Figure 5, where all float solutions in the pull-
in region of the true integer vector are marked in green color, otherwise in red color.

Figure 5: Hlustration of the IR pull-in regions, along with 40°000 samples being generated
based ond ~ N (0, Qz5)- In green, we show the float ambiguity samples that are pulled to the
true integer vector, i.e.a = 0.
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3.2.2. I-class | Integer Bootstrapping (IB)
The Integer Bootstrapping (IB) is somehow based on IR, whereas it takes into account the
correlation between ambiguities. This IB estimator follows from a sequential least-squares
adjustment and can be computed as follow

dn,IB = [anJ

ot N a s . (30)
aj,IB = [a]UJ = a]- — Z ll-j(a”, — ai‘IB) , V] =n-—1, ,1

i=j+1
for [-] as rounding operator, and @;); refers to the j-th (float) ambiguity obtained through a
conditioning on previous J = {j + 1, ..., n} sequentially rounded ambiguities. Moreover

Oa;ay,

lij = 2 (31)

o5
air

where agm are conditional variances, while Oq;ay, is the covariance between @; and @; ;.

In general, the pull-in regions are n-dimensional parallelotopes (or simply n-parallelotope)
centered at each grid point, where we can write

1
P = {x € R"| |cl-TL‘T(x— z)| < E'i =1, n} zZEe" (32)

with ¢; being the canonical unit vector with ¢1” as its i-th entry, ‘0’ otherwise. The matrix
L € R™ is again the lower unit-triangular matrix obtained in the LTDL-decomposition, see
Eq.(24) in Section 3.1.1, whose entries are given by the [;; terms in Eq.(30).

PARAMETRIZATION:
The 1B estimator is dependent upon the ambiguity parametrization, so Z;g # Z” @;g, Where

2 = ZTa, and this affects the probability of correct fixing, so P(&@;5 = a) # P(%;5 = z).

Note that even a simple permutation of the original ambiguity components might lead to a
different solution. Moreover, for this IB estimator, the exact success rate can analytically
be computed based on the formulation later described in Section 3.3.1.

An example of 2D pull-in region is given in Figure 6, where parallelograms are shown for
the IB estimator, similarly as illustrated for IR in Figure 5. The float solutions in green
color are pulled to the true integer vector a = 0, adopted for these numerical simulations.
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Figure 6: Hlustration of the IB pull-in regions, along with 40°000 samples being generated
based ond ~ N (0, Qz5). In green, we show the float ambiguity samples that are pulled to the
true integer vector, i.e. a = 0.

3.2.3. I-class | Integer Least Squares (ILS)
The Integer Least-Squares (ILS) estimator is optimal within the class of Integer estimators,
see Teunissen (1999b), where the optimality refers to the fact that it maximizes the success
rate (i.e. probability of correct fixing). The ILS estimator is given as

ays = arg ;relizrrgll’d — 2|15, (33)
with [|x]|§ £ xTQ™'x, being the vector norm weighted by matrix Q € R™*™,

In general, these ILS pull-in regions are n-dimensional polytopes (or simply n-polytopes)
centered at each grid point, where we can write

1
P, s = {x € R |l (x = 2)| <5 llullg,,, Ve zn}, zen (34)
with

wy(x—12z)= —uTQ‘;‘% (x—2)
“ llaellg,,

being the orthogonal projection of (x — z) onto the direction u. Hence, this ILS pull-in
region is the intersection of banded subsets, i.e. centered in z and having width [|u/l .-

(35)
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The ILS estimator is however invariant to Z-transformations, so differently from what seen
for IR and IB estimators, and its success rate will not change. Still, the parametrization can
affect the computational complexity during the search of suitable integer candidates.

PARAMETRIZATION:
The ILS estimator is invariant upon parametrization, so Z.s = Z” dj.s, and therefore it has

P(dys = a) = P(Z;s = z) forany 2 = ZTa, given an admissible matrix Z € Z™*".

An example of 2D pull-in region is given in Figure 7, with the ILS regions being hexagons
that seem to better fit the distribution of the float ambiguity estimates. As stated, the
probability of correctly fix is here optimal, i.e. the largest possible within the I-class.

Figure 7: Hlustration of the ILS pull-in regions, along with 40’000 samples being generated
based ond ~ N (0, Qz5). In green, we show the float ambiguity samples that are pulled to the
true integer vector, i.e. a = 0.

INTEGER SEARCH

Still, the Eq.(33) requires a search for the Integer Least-Squares solution, and efficiency of
the search process might be affected by re-parametrizations. We consider the decorrelated
ambiguity given in Section 2.2, and we can write

F(z2)=(2z-2)7Q;;(2—2)<y? zeI™ (36)

where y > 0 determines the size of the search ellipsoid, which can be initially defined by
the user based on a previous guess solution, e.g. using IB.
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Therefore, we have

F(EILS) < F(u), Yu e Z" (37)
with Z;;s € Z™ being the (optimal) solution, i.e. the grid point inside the hyper-ellipsoid
that gives the minimum value of the function F(z).

The Eq.(36) can be re-written making use of Q,; = LED,L; (Section 3.1.1), and by
defining z = z + L;" (2 — z), we have

LYz -2)=(2-2) (38)
and for j € [1, n] this leads to
i=n
% =2 =%~ z (i — 71) (39)
i=j+1

At this point, we can write the hyper-ellipsoid as

(z-2)"D;'(z—2z)<yx? zeI® (40)
or equivalently
j=n
Soa) ) _ e L ex (@1)
j=1 an

that is satisfied by looking at each individual j-th bound, so having

(Z—Z)2 3 (Z; —Z)
Zj — 0z, X—Z ————<z zj S Zj+ 0z, X Z = (42)

i=j+1 ZlII i=j+1 ZlII
where we start at j = n with (z, — 2,,) € [—0;,x, +05 x|

An illustration of the 2D search ellipse before and after decorrelation is given in Figure 8,
where the ILS pull-in regions are also shown. The blue dot refers to the float solution,
which is the center of the search ellipse, whereas the green region corresponds to the ILS
pull-in region for that float solution. As visible, multiple integer candidates are found in
this search ellipse (blue line) that is centered on a certain float solution (blue dot), while
and the integer vector that minimizes the objective function in Eq.(36) is found in the ILS
pull-in region (green hexagon).
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Figure 8: The 2D search ellipse is shown before (LEFT) and after (RIGHT) the decorrelation
process, with an illustration of the float solution (blue dot) and ILS pull-in region (in green).

In the following sub-sections, we describe two search strategies, i.e.

- Enumeration (see Section 3.2.3.1)
- Search-and-shrink  (see Section 3.2.3.2)

where the latter has been enhanced by a new algorithm introduced in Ghasemmehdi and
Agrell (2011), thus reducing the number of conditioning operations during the search and
improving the efficiency (i.e. computational time) by more than one order of magnitude.

3.2.3.1. ILS by Enumeration
The search by enumeration has been implemented in all older versions of LAMBDA, and
it is extensively described in de Jonge and Tiberius (1996). As discussed, by choosing a y?
value, we define a search ellipsoid in R™ where our integer candidates could be found. We
will distinguish three cases for defining x2, therefore

> If only one candidate is requested, we can directly use y? = F(%;g), i.e. using the
integer bootstrapped estimate.

» If at most n + 1 candidates are requested, in each step of the conditional rounding
procedure two integer candidates are taken: the nearest and second-nearest integer,
where a conditional rounding is proceeded for both cases. In this way we can get
n + 1 values for F(z). If p < n+ 1 candidates are requested, the values of F(z)

are ordered in ascending order and y? = F(z®).
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> If more than n + 1 candidates are requested, the volume of the search ellipsoid can
be used. In (ibid), a relation’ between the volume and the number of integer grid
points inside the search ellipsoid is given for large n dimensionalities.

Once the size of the search ellipsoid is set to y?2, all the integer candidates in the search
ellipsoid are collected by scanning the interval (from left to right) around the conditional
estimates at each ambiguity level using EQ.(42). The intervals’ bounds can be computed
recursively during the sequential conditional adjustment.

3.2.3.2.  ILS by Search-and-Shrink (NEW ALGORITHM)
The alternative search strategy is based on shrinking the search ellipsoid during the search
and it was proposed in Teunissen (1993). Its old implementation in LAMBDA 3.0 was
based on Chang et al. (2005), where the shrinking strategy was extended to the case with
more than one optimal estimate being required. A new algorithm is nevertheless adopted
here, as introduced in Ghasemmehdi and Agrell (2011).

» OLD ALGORITHM (Verhagen et al., 2012)

The value y? can initially be set to infinity, since in the very first step we can consider a
bootstrapped solution, so y? = F(Zg). Still, if p integer candidates are requested then we
set x2 as the maximum of the squared norms F(z®W), F(z®), ..., F(z®), where we have
zMW = %,5. The remaining p — 1 candidates z),vj > 1, can be generated by varying the
first ambiguity component such that zfj) is then equal to the second-nearest, third-nearest,
etc..., integer with respect to the conditional estimate Zy5_ .

Hence, we have
x2 = F(z®) > - > F(z®) = F(z®) (43)

and the ellipsoidal region is now shrunk. Still, we are able to guarantee that at least p
candidates are inside this ellipsoid. The search is then continued at 2" level, where the
second-nearest integer of 2,5, is taken.

! The volume within a n-dimensional ellipsoid is given by

T2
En = x*VoJ1Qaal, Vo= 7%
2 ()
with T'(-) as the Gamma function. This approximation is known to work well if the number of
requested candidate is large and y? is therefore computed by setting E,, = 1.5p.

|3
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If this integer value lies inside the bounds, the corresponding conditional estimate Z;,_,, is
determined and rounded to the nearest integer, while all other ambiguities, i.e. level 3 to n,
remain unchanged. If the vector z®*Y satisfies F(z®*V) < 2, then we replace y? with
this new value, and the corresponding integer candidates is also replaced by z®*1.

As a result of the previous operation, the ellipsoidal region is again shrunk and one can
continue the search at 1% level until no new candidates can be found there. In that case, the
search is continued as before in the second level, until no more new candidates can be
found there either. Eventually, one continues the search process in all levels until no new
candidate (besides the current p candidates) can be found, whose squared norm is smaller
than the current y2. The p integer candidates are finally the sought-for best solutions and
the method is exhaustive since it always® assures that p best solutions are found.

» NEW ALGORITHM (Ghasemmehdi and Agrell, 2011)

In Ghasemmehdi and Agrell (2011), a modification of the aforementioned implementation
is presented®, where focus goes on the removal of non-necessary conditioning operations
when spanning (down) the search tree. The idea is that we generally operate a conditioning
once moving to a different integer component in the search tree, therefore updating all
level below. Still, if we vary components in higher levels we will need to re-compute the
conditioning of lower levels and in some cases this might be useless.

We refer the reader to (ibid) for more details, whereas a quite different notation has been
employed. Still both algorithms can be found in Fig. 2 (ibid) denoted as method #3 and
method #8, respectively. In this original work, only the best integer solution is provided,
whereas multiple solutions are allowed in LAMBDA 4.0, as described by Eq.(43).

3.2.3.3. Comparison between OLD and NEW algorithms
At this point, in Figure 9 we numerically compare the old and new algorithms, respectively
available in LAMBDA 3.0 (2012) and LAMBDA 4.0 (2024) implementations.

% The cases where multiple candidates lie on the surface of the same hyper-ellipsoid are in general
very rare and taken care in LAMBDA software implementation.

® This new algorithm has been integrated also MLAMBDA (Cheng et al., 2005), but starting from
its 2016 version and unfortunately with very little acknowledgment of the new method.
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Figure 9: Numerical comparison between LAMBDA 3.0 (OLD) and LAMBDA 4.0 (NEW) in
terms of search algorithm computations for finding an optimal ILS solution (see text).

The test is based here on a single-baseline geometry-free ionosphere-fixed dual-frequency
model using GPS L1+L2 signals, with a precision of 20 cm and 2 mm for code and phase,
respectively. The number of satellites has been varied between 2 and 100 to increase the
problem dimensionality, where larger improvements are expected for larger n. In Figure 9,
we show the computational time being averaged over 1000 runs (top-left plot) and its ratio
between LAMBDA 3.0 and 4.0 (bottom-left plot). Moreover, the number of conditioning
operations is also illustrated (right plot), again showing results for each run (dot) and the
mean value (circle) based on different float estimates generated.

The averaging over different float values is important, given that computational time (and
number of conditioning operations) can also be dependent on the specific float estimates,
which defines the center of the search ellipsoid. In the previous results, it is visible that the
improvement in computation time is one order of magnitude larger for the new algorithm,
especially at higher problem dimensionalities. This is consistent with the larger differences
found in terms of conditioning operations employed by the old and new algorithms, with
the latter one outperforming the legacy implementation.

Additional numerical comparisons can be found in Jazaeri et al. (2014), where these two
search algorithms have been extensively compared via numerical simulations.
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3.2.4. I-class | Partial Ambiguity Resolution (PAR)

So far, we have discussed integer estimators that aim to fix the entire ambiguity set, but in
some cases it is not possible to reliably fix all ambiguity components. Still, one could have
sufficient confidence to fix a subset of these ambiguities. This is referred here to as Partial
Ambiguity Resolution, or PAR firstly introduced in Teunissen et al. (1999). The selection
of a subset to fix is certainly a key issue, and different approaches might be considered,
e.g. see Verhagen et al. (2011). In this new LAMBDA 4.0 implementation we still consider
a minimum SR criterion, as described in the next sub-section. This well-known criterion
might be actually suitable for I-estimators and 1A-estimators, whereas for the IE-estimator
provided in this toolbox we will introduce later a different PAR approach.

3.2.4.1. Minimum SR criterion
The minimum SR criterion (Teunissen, 2001a) for PAR considers a subset of decorrelated
ambiguities, such that its corresponding bootstrapped SR, see Section 3.3.1, is larger than
or at least equal to a minimum selected* value P, € [0,1].

Ultimately, the goal is to select the largest possible subset such that

i=n
0.5
P, « 1_[ 20 -1
L 0z
i=k

il

= Py (44)

where & refers to the cumulative normal distribution function (Section 3.3.1). In Eq.(44),
note that only the last n — k 4+ 1 ambiguities will be fixed.

By default the ILS estimator is adopted here for fixing this subset, where the use of IB
success rate is justified by its simple analytical expression that allows efficiently defining a
suitable subset. Note that by considering decorrelated ambiguities, we are able to enhance
their bootstrapped SR, while at the same time the components will be sorted by ‘most to
least’ precise based on their conditional variances.

As a matter of example, one can start with the n-th decorrelated ambiguity and then check
if its success rate is larger than or at least equal to P,. If this is the case, we can continue by
checking the conditional ambiguity Z,_,,, and therefore Z,_,x for K = {k, ...,n}. This
sequential procedure continues until the success rate becomes too small, e.g. P,_; < Py,
and all remaining k — 1 ambiguity components are conditioned onto K fixed ambiguities.

* Two extreme cases exist:
o for P, = 0 we consider the entire ambiguity set (i.e. Full Ambiguity Resolution, or FAR),
e for Py = 1 we will not perform any ambiguity fixing (i.e. Float solution).
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The PAR ambiguity vector can be written as

o (Z112
ZpAR = ( vl ) (45)
Zy
with
21k
21|2 = . € Rk_l, 22 = sz (22) € Zn_k+1 (46)
Zk—1|K

where Z, refers to the subset of ambiguities fixed to integers for an integer mapping given
by 7,,: R*-k+1 — 7n=k+1 A mentioned, we make use of the ILS estimator for fixing this
most precise subset, whereas the remaining k — 1 components are then conditioned and
defined in 24, computed as

212 = 21(Z2) & 21 — Q2,2,05,(22 — Z3) (47)

with Q;,,, being the variance matrix of Z, and Q;_,, being the covariance matrix between
the two subsets z; and z,.

BACK Z-TRANSFORMATION
The reader should be careful in observing that a (fixed) solution via PAR can be obtained
in terms of the original ambiguities by applying a back transformation such that

Gpar = Z " Zpar (48)

where dpar Will generally not contain integer elements when only a subset of ambiguities
has been fixed. Hence, the entries in a@pag are a linear function of previously decorrelated
ambiguities in Zpag, Which nonetheless are not all integer-valued.

In practice, this back Z-transformation is not required for the calculation, given that the
fixed real-valued parameters can be obtained directly with

EPAR =b- QBéz Qz_zlﬁz (22 — Z3) (49)
and by assuming a sufficiently high minimum success rate is selected, the approximation
adopted in Eq.(7) can be considered, and it follows that

PAR =~ Q55— Q52,055,025 (50)

where @5, and @3, 5, are submatrices of @5, = Q5,Z and @3, respectively.
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3.2.5. I-class | Vectorial Integer Bootstrapping (VIB)
The Vectorial Integer Bootstrapping (VIB) estimator has been introduced by Teunissen et
al. (2021), where the principle of integer bootstrapping is extended to a vectorial form. The
VIB estimator can be computed such as

j=n
a = |ay), = |a@ - z Qujy Q11 (@y — &) i=1..v (51)

j=i+1 ;
where [-];: R™ — Z" is an admissible integer mapping, meanwhile @;;; € R™ refers to the
least-squares estimator of a; conditioned on the values of the previous I = {i + 1, ...,n}
integer estimated vectors. The covariance matrix of @; and @;; is Q;j;, while the Q;;, is

the variance matrix of @;;, while starting with @;;, = @,, for i = n.

The admissible integer mapping is still to be chosen and can arbitrarily be defined using
the previous estimators such as IR, IB or ILS. Still, if for a certain n;-dimensional block
we consider IB as the estimator, this is equivalent to a further partitioning into n; (scalar)
blocks and therefore the VIB;g estimator will lead to the exact same (scalar) formulation
for the Integer Bootstrapping (Section 3.2.2).

Moreover, in LAMBDA 4.0 toolbox we only consider the adoption of the same integer
estimator for all blocks being defined by the partitioning, thus having

e VIBR estimator, where each mapping makes use of IR (Section 3.2.1);
e VIBy.s estimator, where each mapping makes use of ILS (Section 3.2.3).

Different properties and success rate bounds can be found in (ibid), where the expression
for the VIB pull-in region is given as follows

Pvip = {x € R™ | Jyp(x) = z}, z€el" (52)
with

Iyig(x) = I(x + [£ — L] [x — Tyig(x)]) (53)

for £ € R™ ™ given as a lower block-triangular matrix, see (ibid), and 7: R™ — Z™ being

[x1]4 X1
7(x)=< : > x:<5> (54)
[vav Xy

where v € [1, n] is the number of partitioning blocks adopted for the full set.
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The success rate for two previous VIB estimators follows a performance ordering, which is
summarized in Figure 10. Given a selected parametrization, and an arbitrary partitioning
withv > 0 and n = ny + --- + n,,, we always have that

IR < VIBg < IB < VIBy5 < ILS (55)
where some limit cases can be identified forv - 1 and v = n.
As previously mentioned, the adoption of v = n scalar blocks is equivalent to a (scalar) 1B
solution and well-known bounds from Ps-LAMBDA (Section 3.3) might therefore be

considered. On the other hand, for v = 1, we are considering the full ambiguity set and
VIB simply becomes an IR or ILS depending upon the mapping being defined.

A fixed v partitioning case, with arbitrary estimators adopted in each block, is also possible
and its success rate would be bounded as VIB;g < VIB(v) < VIBys. Still, it has not been
considered in the LAMBDA 4.0 toolbox, but it could easily be constructed based on its
standalone toolbox functionalities.

Lower < success rate — Higher

lev von | nev v—o1
h .
VI‘ L4
| .
Fixed v

|
v
| ]
|
|
|

Figure 10: Performance ordering in terms of success rate for legacy integer estimators, i.e.
{IR, IB, ILS}, along with certain VIB estimators discussed in the text.

Similarly to the IB estimator, also the VIB estimator is dependent upon the parametrization
as the latter affects the conditioning among different blocks. Therefore, for @ ~ V' (a, Q4
being normally distributed and ay;g being the VIB estimator of a € Z™", we have

i=v

P(ayig = a) = 1_[ P(@;; € Pig) (56)

i=1
with P(’di“ €EP; + a) as the probability that the i-th conditioned float ambiguity block, for
I ={i+1,..,v}, belongs to the pull-in region P;, = {x € R™ |[x], = a} fori =1, ..., v,
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Each probability term depends upon the chosen integer mapping [-],: R™ — Z™ , whereas
the IB formulation (in Section 3.3.1), could still be adopted as an upper bound or a lower
bound for the success rate of the VIB;g or VIB;. s estimators, respectively.

PARAMETRIZATION:
The VIB estimator is dependent upon the ambiguity parametrization, so Zy;g # Z7 @y,

where 2 = ZT@, and this affects its success rate, so P(dy;g = @) = P(Zy;g = z). Note
that, given the same parametrization, these estimators are also affected by the partitioning
being selected, as well as for the estimator being used in each subset.

The VIB estimator is therefore dependent upon the partitioning being adopted, as the latter
will define the shape of the VIB pull-in region. As a reference, the 3D pull-in regions of
some legacy I-estimators are illustrated in Figure 11, so considering Integer Bootstrapping
(1B, see Section 3.2.2) and Integer Least-Squares (ILS, see Section 3.2.3). We omit the
Integer Rounding (IR, see Section 3.2.1) estimator since its pull-in region is simply a unit
cube and projections are unit squares.

IB: (ay.a5.a5) ILS: (ay,a5,a5)

Figure 11: An illustration of the 3D pull-in regions and their 2D projections is given for some legacy
integer estimators, i.e. Integer Bootstrapping (IB, left) and Integer Least-Squares (ILS, right).
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The 3D pull-in regions for both VIB;r (left) and VIBy s (right) estimators are illustrated in
the next Figure 12, taken from (ibid), while assuming a different partitioning. For the sake
of clarity, the projections on the three axes are shown, along with the vertices (red dots).

VIBy; ¢t (a,a,) = (a3)

VIBg: (a,a,) = (a3)

F.8 e -
- <

Tos <" 05
OB(F\V " 05°
a, [] I \\/(_1.5-1 a, [-]

1.5

Figure 12: An illustration of 3D pull-in region and their 2D projections for both VIB;g (left)
and VIBy; s (right) estimators is given, while assuming two different types of partitioning, i.e.

{1,2} in the top row and {2,1} in the bottom row.
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3.2.6. IA-class | Integer Aperture with Ratio Test (IA-RT)
So far, we have discussed some members of the I-class, including the ILS estimator that is
optimal as it has the largest success rate possible. At this point we consider another class of
estimators, being defined by Integer Aperture (IA) as discussed in Section 2.3.2. This class
does not only concern integer estimator, but it generally also involves an acceptance test on
the integer solution. Hence, it unified the integer ambiguity estimation and validation, with
the ‘fixed’ solution being an integer only if the acceptance criterion is met.

The Ratio Test (RT) is a member of the 1A-class and it is probably one of the most popular
acceptance tests, see Teunissen and Verhagen (2009). It is de facto a discrimination test
since it tests the closeness of the float solution to the optimal integer one compared to other
integer candidates. Hence, we can define

F(&)

Accept a € Z™ iff m < URT (57)

where ugpr € [0,1] is the threshold value, whereas @ and @’ are the best and 2"%-best ILS
estimator of a,. The objective function F:Z™ — R has been defined in Eq.(36), so we have
that F(a) < F(a'). Two limit cases are found: if ugt = 0, then the test is always rejected
and the aperture region is null, while if ugt = 1, then the test is always accepted and an
integer value is returned. Note that the value ¢ = 1/ugr is often used in literature.

Differently from I-estimators, an undecided region exists here where we have

P, = P(dja = a)
RS‘+Pf+Pu=1i Pfd:efp(\d]A=Z:/:a) (58)
Pu g P(ﬁlA = ﬁ)
and therefore a relation between the failure rate and aperture parameter ugr exists, where

the integer aperture estimator a;, follows the definition already given in Eq.(20). Note that
an Optimal Integer Aperture (OIA) estimator (Teunissen, 2005c¢), can be found by solving

rrsllaox P; subjectto given P (59)
where, given S, as ILS pull-in region, the aperture pull-in region Q, is defined as

2 = {x €Sy ) falx+2) < drefalx + @) (60)

VASYAL
with Agg chosen so as to satisfy the a priori fixed failure-rate Pr > 0. The term f;(x) refers
to the Probability Density Function (PDF) of the float solution @ € R".
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In general, given a € Z™ as the true integer vector, four cases can be distinguished:

e Correct acceptance (success) | Accept @jp = a ©
e Correct rejection | Reject ajp + a
e Unnecessary rejection (false alarm) | Reject djp = a
e Wrong acceptance (failure) | Accept aj, # a ®

that have been illustrated in the following Figure 13.

E Success
[J Correct Rejection
[ False Alarm

‘ B Failure

+2

Figure 13: Illustration of acceptance regions with Ratio Test (in bright green and red colors).

A few illustrations of a 2D aperture pull-in region are given in Figure 14, similarly to what
shown for the I-class. However, in this case we can observe that an undecided region in
grey color. The latter represents the region where the ratio test is not accepted, and a float
solution is returned, and so avoiding to incorrectly fixing the ambiguities. In this way, it
becomes possible to reduce the failure rate.

As discussed in Step 3 of Section 2.1, a wrong fix of ambiguities can actually decrease the
accuracy of the real-valued parameters given that they are statistically conditioned onto the
ambiguities. Figure 14 compares different threshold values, being urr = [0.2,0.4,0.6,0.8]
and it is visible that the size of the acceptance region (in green) is driven by the urt value
while both SR and FR are being affected. For instance, a larger ugt value will result in a
larger acceptance region, and higher probabilities of failure and success.
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Figure 14: Illustration of the IA pull-in regions, along with 40°000 samples being generated
based ond ~ N(0, Qz5). In green, we show the float ambiguity samples that are pulled to the
true integer vector, i.e. a = 0, while in grey color the samples that have not been fixed to an
integer value. Different purt values are adopted in the plots, being 0.2, 0.4, 0.6 and 0.8.

In the limit case ugt = 1, we get B, = 0 and the ILS pull-in region from Figure 7 is found,
whereas for the case ugrr = 0 we get B, = 1 and a float estimator @ € R™ is returned.

For the sake of clarity, a numerical example is shown in Figure 15, where the probabilities
P, P¢ and P, are numerically computed over the same 40’000 samples, i.e. @ ~ N (0, Qa4),

and are then plotted based on a range of values ugt € [0,1].
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Figure 15: Example of different probabilities computed for a 2D problem using 40’000
samples being generated based on a ~ N (0, Q45), and using a different aperture parameter.

In this last numerical example, another useful performance indicator has been considered,
I.e. the successful-fix rate P, which is defined as follows

p o b
T TR +P

(61)

being the probability of successfully fixing the float ambiguity. Note that P, + Py = Py is
the probability that a fix is made, which is equal to 1 — B,, where P, gets larger for smaller
prr Values. In general, the user would like to have Pss = 1, and this could be achieved by
limiting the failure-rate Py at a sufficiently small value.

As mentioned, the LAMBDA user has the possibility of specifying a certain uzr value and
performing a ratio test on the fixed ambiguity solution. Still, it is also possible to define a
maximum failure-rate value that should not be exceeded, thus having a Fixed Failure-rate
Ratio Test (FFRT), as being introduced in Teunissen and Verhagen (2009). In this model-
driven Ratio Test, the aperture parameter uppgrt IS found based on lookup-tables that more
conveniently relates it to an expected failure rate, as discussed in the next section.
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3.2.6.1. Fixed Failure-rate Ratio Test (Hou et al. 2016)
The new upprt Values adopted in LAMBDA 4.0 are based on the lookup-tables provided
in Hou et al. (2016). These are generated by fitting functions, whose coefficients are made
available as supplementary material. These coefficients have been integrated in this new
LAMBDA release, and might further improve the fixing results by avoiding unnecessary
false alarms (ibid). The fitting function uggr IS given at each dimensionality n as

O; Pf 2 0.2
ppert =4 fu(Pr),  PP'< P <02 (62)
1, otherwise

where P]E"l is a tolerable failure rate, and we have

fu(x) = p1xP% + p3 (63)

where {p,, p,, p3} is a set of coefficients® provided in (ibid).

3.2.7. 1A-class | Integer Aperture Bootstrapping (IAB)
In Teunissen (2005a), a new estimator in the 1A-class has been introduced, named Integer
Aperture Bootstrapping (IAB) method. The IB estimator from the I-class (Section 3.2.2), is
one of the simplest methods for integer estimation with a close-to-optimal performance,
especially following the decorrelation of ambiguities.

Moreover, IB has an analytical exact expression for both success and failure rates, but user
has no freedom in controlling such rates for a given mathematical model. Hence, the 1AB
estimator is introduced here to allow users having a controlled failure rate (with an exact
expression) by defining again the aperture of the IAB pull-in region, i.e. B4 € [0,1].

Following the definitions in Eq.(58), along with the expression of pull-in regions for the IB
estimator, e.g. see Section 3.2.2, we can define the IAB pull-in region as

X—Z

:PZ,IAB = {x € R" I € :PO,IB}' zeZ" (64)

IAB

where P, g is the IB pull-in region centered on z = 0, and this last result is made possible
given the translation equivariant property of 1A-estimators (see Section 2.3.2).

> Note that the look-up tables span Pft°1 = [0.05, ...,0.09,0.1,0.2, ...,0.9,1] /100, while supporting a
dimensionality n € [1,66]. We refer to Hou et al. (2016) for additional information.
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The IAB computations follow as

1. Decorrelation: z2=7"a for Z € Z™™ (unimodular)
2. Compute IB solution: Zig = hg(2) forJg:R™ - Z"

3. Compute IB residual: €Z)=72—7

4. Accept Zjg if: €(Z)/PiaB € Po,B

where in the last point we need to make use of the IB estimator on the scaled ambiguity
residual. If the outcome is the zero vector, then the condition in Eq.(64) is satisfied for this
specific float ambiguity @ € R™. Hence, the 1AB requires only applying the 1B procedure
twice, which is generally more efficient than using ILS (as needed for the IA-RT case).

The probabilities of success, failure and undecided (later further discussed in Section 3.3)
can be found analytically and are given from (ibid) as follow

i=n

P = 1—[ [Zq) <o.50{9IIIAB> B 1]

i=1

i=n

Priag =

[q) <O-5ﬁIAB — CiTL_lz> s <O-SBIAB + CiTL_lz> _ 1] (65)

o; o;
2€IM\(0) i=1 tr i

Pu,IAB = 1_Ps_Pf
where the IAB aperture parameter S;5g has been highlighted. In this way, there is a direct

analytical relationship between the aperture parameter and the success/failure rates. The
user could select a certain value for 55, Where two limit cases can be identified:

* Piag — 0,then Psiap — 0, Priag = 0 and Py ;a5 — 1, 0 no fixing occurs;
® Piag — 1,then Psiap = Ps 1, Priag = Prig and Pyjap — 0.

and therefore in the latter case we will always return an IB fixed solution.

Similarly to Figure 14, we can briefly illustrate a similar 2D example while using different
aperture parameters, i.e. Biag = [0.2,0.4,0.6,0.8]. The shape of IB pull-in region is one key
difference with respect to the IA-RT discussed in Section 3.2.6. However, in this case we
have a known relationship between failure rate Py ;4 and aperture parameter Sj,5. Hence,
we can further investigate a “controlled-FR approach” based on this IAB estimator.
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i 1 0 +1 +2 i 1 0 +1 +2

Figure 16: lllustration of the 1AB pull-in regions, along with 40°000 samples being generated
based ond@ ~ N (0, Qzz)- In green, we show the float ambiguity samples that are pulled to the
true integer vector, i.e. a = 0, while in grey color the samples that have not been fixed to an
integer value. Different Bag values are adopted in the plots, being 0.2, 0.4, 0.6 and 0.8.

3.2.7.1.  1AB with Controlled Failure-rate
The Eq.(65) gives an analytical relation Pr = P¢(Biap), nonetheless involving an infinite
summation over Z™. A finite approximation is possible, but it requires an enumeration of
integer candidates sufficiently close to z = 0 in order to well approximate the IAB failure
rate. Hence, LAMBDA 4.0 makes use of efficient numerical simulations and a bisection
method to compute this aperture coefficient ;4 for a user-selected maximum FR.
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Given the user-selected maximum failure rate PMA* € (0,1), we seek Biap so that

PMA% > P 145 (Biag) (66)

where we make use of the expression in Eq.(65) for the IAB failure rate. In this way, we
can search for an aperture parameter f;5p that satisfies the inequality while approximating
the FR by a finite summation over a finite set Q}AB c 7™\ {0}, such that

i=n

T T
PfMAX > z 1_[ [CD <O'5BIAB C; L 1Z> P (O'SﬁIAB + ¢ L 1Z) _ 1] (67)

Oi|1 Oi|1

ZEQIAB =1

with the equality solved via bisection method®, thus considering the objective function

fiag(B) = PMAX — P 1ap(B) = 0 (68)

where we start with an interval g € [8~, 7], for B~ = 0 and B* = 1. At each iteration the
middle point in the interval is evaluated, i.e. SMP = (8~ + £%)/2 and this replaces the
extremum with an objective function having the same sign, i.e.

if fiap(BMP) fiap(BY) < 0, then g~ = pMP

69
if fiap(B7) fiap (BMF) < 0, then g+ = pMP ©9)

so with k-th iterations the interval for 8 is reduced to 27*. The final solution will provide
the aperture parameter value that satisfy the equality in Eq.(67). It is important to realize
that, given PMAX € (0,1), at the very first iteration we have

fiap(B~ =0) =PM¥ >0
fiap(BY =1) = PMAX — P

and if PfMAX > Pr g, then the IB estimator will already satisfy our controlled-FR criterion,
since its failure rate will be smaller than the maximum value selected by the user. On the
other hand, if PfMAX < Pr;p, We need to reduce g in order to reduce also IAB failure rate
Py 1ap(B) till it gets to the threshold PMAX,

(70)

® We omit the computational steps here, and we refer to Appendix A.3.1 in Verhagen (2005) for
additional information. The tolerance value for the root finding iterations is set to a small value,
e.g. |fiag (Bx)| < 1075 for any k > 0, which provides a sufficiently accurate result.
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We remark that the proposed approach is still based on an approximation of 1AB failure
rate, but it allows to efficiently compute the aperture parameter without the bottleneck of
an infinite summation in Eq.(65). The finite set QLA considers “nIntegers” as the integers
closerto z = 0 (i.e., excluded from this set) by making use of ILS estimator.

3.2.8. IE-class | Best Integer Equivariant (BIE)

The Best Integer Equivariant (BIE) estimator, introduced in Teunissen (2003a), belongs to
the IE-class and is actually optimal within this class. We should be careful since optimality
implies that a certain criterion is being considered. For the ILS estimator, i.e. optimal in the
I-class, this criterion was the success rate. In fact, the ILS provides the highest success rate
possible among admissible integer estimators. If SR = 1, the fixed real-valued parameters’
vector b = b(&), being conditioned onto @ € Z™, have a higher probability of being close
to the true b € R™ than based on the float estimator a € R™.

The optimality criterion for BIE is a minimum Mean Squared Error (MSE), since the MSE
is generally a well-known probabilistic measure for the closeness of certain estimator to its
target value and often used as a measure for the quality of the ‘ambiguity-float’ solution
itself. In LAMBDA 4.0, only a BIE formulation for normally distributed data is adopted,
whereas the user shall consider that in Teunissen (2020a) a more general formulation for
the class of Elliptically Contour Distributions (ECDs) has been provided. In (ibid), the
attention is given also to contaminated normal distribution and multivariate t-distribution.

The BIE expression for the generic ECDs case follows as

agig = Z zw,(Q) (71)

VAV

with weights w,: R™ — R given as

W@ =D N @t 72)

Zuel” hu (a) =

and the auxiliary function h, is defined — in the normally distributed case — as

~ 12
la -zl

> ) , vz eZ" (73)

h,(@) < exp <—

where « reads “proportional to”.
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Ultimately, we can obtain

=~ 2
ZZEZ" Z eXp <_ %)
agg = — 74
e (_ la —;n%) o
while the fixed real-valued parameter vector follows from
BB[E = B(ﬁBIE) “p— QB&Q&% (@— ag) (75)

so having a similar expression as seen in previous estimators. However, in this case, the
outcome of the ambiguity fixing process is a real-valued vector ag;g € R", such that

. E{b} . D{b}
Eibgie; =1+, Dib g i 76

{ BIE} {E{b} { BIE} {D{b} ( )
so it is unbiased as the float and fixed solutions, whereas it will always outperform both of
them based on a minimum MSE criterion. Note that previous results can be generalized for

any arbitrary linear combination 8 = IL a + I b with I, € R™ and I, € RP, see (ibid).

An illustration of BIE solutions is given in Figure 17, where the ILS pull-in regions have
been drawn as reference. Both the ‘no gaps’ and ‘no overlap’ conditions are not satisfied in
the IE-class, while a star-like pattern emerges due to the pulling effect of each individual
integer candidates, proportional to their weights.

Figure 17: Illustration of the BIE solution (in green) and float solution (in grey) for 40°000
samples generated based on a bivariate normal distribution centered at a = 0.
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Two illustrations are given in Figure 18, for a different scaling of the variance-covariance
matrix of the ambiguities, thus considering a more and less precise Q44 matrix respectively
in the left and right plot. Assuming a factorization Qz4 = 02Q44, given o € (0, +0), then

lim h/B[E = ﬁILS € Zn, lim EBIE =a€eR" (77)
g—0 g0

as somehow also visible in the following two examples.

Figure 18: An illustration of the BIE solutions, considering a scaling factor on the variance-
covariance matrix for the float ambiguities. See text for more details.

The last result follows from the simple fact that a very high precision of ambiguities will
give a larger weight to the ILS integer candidate, which is closer (under the metric Q;4) to
the float solution. On the other hand, the weights of different integer candidates will not
differ much in the case of very poor precision, and the net effect will be close to zero.

An additional example for a scalar ambiguity component is presented in Figure 19, where
three different precision values are considered. Numerical simulations are adopted based
on 100°000 samples normally distributed around a = 0 and the relative frequency is shown
for the three cases. For the ILS the probability mass function is illustrated (blue bars),
along with the success rate value, i.e. Pg 1.5 = P(djs = 0) with dj.s € Z from Eq.(33).

At this point, we proceed in Section 3.2.8.1 by describing the BIE computation strategy
adopted in this LAMBDA 4.0 implementation, thus involving a finite set approximation as
introduced in (Teunissen, 2005b).
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Relative frequency

-1 0 +1 -1 0 +1
a-vector [-]

Figure 19: Illustration of distribution for Float, ILS and BIE is provided based on a 1D
example and numerical simulations using three different precision values a; for generating
the 100°000 ambiguity samples @ ~ NV (0, a3).

3.2.8.1. Computation of the BIE estimator
The BIE solution requires a summation over an infinite set of integer candidates, which is
certainly not feasible. Hence, an approximation is provided in (ibid) where the summation

is performed on the integer set 67 being defined as

0 ={zez"||Ix- z||5. < 22}, x €ER" (78)

so considering all integer vectors z within a certain distance from x, which refers here to a
float ambiguity vector. The parameter A can be found as

Plackel)=r(la-aly, <2*)=1-a (79)
with ¢ « 1 being a small value, and the ellipsoidal region given by
E}={xeR"||x—zl}, <2}, zer" (80)

with its shape determined by Q44, and its size governed by A. In this way, it is possible to
find 2 = A(a) following a Chi-squared (central) distribution with n degrees of freedom.
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Given a « 1, it might happen that no integer candidates are found and the set @2 is empty,
which generally occurs when Qg4 is extremely precise. In such rare cases, LAMBDA 4.0
will still compute a BIE solution based on multiple integer candidates surrounding the ILS
pull-in region. Hence, the ILS estimator is adopted with p = 1 + 2(2™ — 1) best solutions’
and all integer candidates are then weighted accordingly. This alternative procedure for the

empty set scenario @{} = @, assures that a BIE solution is always made available.

3.2.8.2. PAR (BIE) estimator based on ADOP criterion
The BIE estimator is optimal in the MSE sense and outperforms both float and ILS-fixed
solutions. However, it is also relatively computational expensive, especially when working
with a large dimensionality n and/or when involving some ambiguity components that are
not sufficiently precise. As discussed in Section 3.2.8, given a low ambiguity precision, the
BIE estimator is expected to perform similarly to the float solution; thence this might not
always justify the large computation burden involved.

In LAMBDA 4.0, a new partial AR strategy is introduced for BIE, where the objective is
however still to work with the largest subset possible. In fact, we know that BIE will
always outperform the float solution and does not require a minimum SR for improving the
precision of real valued parameters. This PAR approach is therefore no more based on a
minimum SR criterion, but on a maximum (expected) computational effort. Hence, this is
based on decorrelated ambiguities, which are already sorted by precision and will certainly
increase the efficiency of the search over candidate integer vectors.

WARNING: this PAR approach shall not be used with estimators other than BIE, as the
latter is the only one proved to always outperform the float solution in the MSE sense.

The PAR criterion for BIE considers incremental subsets of the decorrelate ambiguity, and
it computes the Ambiguity Dilution of Precision (ADOP, see Section 3.3.4) for a subset

i=n n+i-k
ADOP(k) = H%I , I={i+1,..,n} (81)
i=k
where Tz41 is the conditional standard deviation, which is found via a LT DL-decomposition,
e.g. see Eqg.(24), of the variance-covariance matrix for the decorrelated ambiguities.

" This value is defined based on Minkowski’s theorem on the upper bound for the number of facets
of a n-parallelohedron. This number does not exceed 2(2™ — 1), where the facet can represent the
interface with nearby pull-in regions in R™. See Lehrsatz VI (Theorem V1) by Minkowski (1897).
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Hence, from ‘last-to-first” we compute

ADOP(Tl) =0z,
1
ADOP(n—1) = (aén_llnaén)z,

1
ADOP(n — 2) = (aén_2|n_1,nain_1lnain)3
. (82)
1
i=n n
ADOP(1) = naéi“ . I={i+1,..,n)
i=1

and, following Teunissen et al. (1997), we can relate this ADOP quantity® to the volume Vq
of the hyper-ellipsoid in R? with ¢ = n + 1 — k. This relation is given as follows

V, = x2U, - [ADOP(n + 1 — @)]* (83)

where U, is the volume of the unit ball in R, i.e.

N[

U, = —— 84
q_F(%+1) ( )

while I'(x) is the gamma function, which can also be computed using a recursive relation
I'(x + 1) = xI'(x), given the initial values I'(1) = 1 and I'(1/2) = V.

The computation of ADOP in a subset of the ambiguity was already proposed in Section
3.4 from Teunissen and Odijk (1997), however in this context it is adopted to approximate
the computational effort foreseen for a BIE solution in different most precise subsets of the
decorrelated ambiguities. Similarly to Section 3.2.4.1, the PAR (BIE) solution becomes

P4 def 21 2
ZpAR(BIE) =< | ) (85)

Z32 BIE

with 24, = 21(52,315) € R" 7 and Z, g;g € R? that is also a real-valued vector, i.e. output

of the BIE estimator in that g-dimensional subset (i.e. of most precise ambiguities). At this
point we can briefly summarize the computation steps for the PAR (BIE) solution.

® Note that for the full set we have ADOP(1) = ADOP, as being originally defined in (ibid).
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COMPUTATION

The PAR (BIE) solution starts considering g = 1 for k = n, so we compute the volume V;
in Eq.(83) based on ADOP(n). As the volume is taken as an approximation of the number
of integer candidates, it also provides an estimation of the expected computational effort
for a BIE solution Z, g;g € RY, thus requiring an enumeration of all the possible integer
vectors within that g-dimensional subset. This expected effort can be checked without any
actual BIE computation, and we iterate g = 2,q = 3, ..., till the point where the expected
number of integers is above a certain user-selected threshold.

Given that decorrelated ambiguities are sorted from most to least precise, we expect the
ADOP(n + 1 — q) to increase for larger g values. For ¢ = n, we have ADOP(1) = ADOP,
i.e. the Ambiguity Dilution of Precision over the entire set, and a nominal BIE solution is
being computed. At each g-th iteration, the dimensionality changes as also y2(g) given a
certain « « 1. This is the Chi-squared (central) distribution with q degrees of freedom for
defining the size of the g-dimensional ellipsoid that we are considering.

In Figure 20, an illustrative example is given on the relation between ‘ADOP’ and ‘number
of integer candidates’ from BIE computations using a« = 1076. Hence, we adopt different
values of ADOP at different dimensionality n = 1, ..., 8. When comparing the volume of
the ellipsoid with the number of integers used in the BIE (left plot), it becomes visible that
this approximation becomes accurate for larger ellipsoids, e.g. above 100 candidates. This
result is consistent with (ibid), and can been used for this PAR (BIE) implementation.

10* 104
---ADOP approx. e { -
~o-Integers # (mean) } W
o o e 2| »
10° e _10°) :
E s el g § L n=1
[ - | B
) ,»r"f 8"]02‘7 g d n=2
£ 10 e — = ; P n=23
= S [ s’ n=4
e 2 jEm— I i o n=>5
10’ + i e 10" ¢ o n=
% = s ..{y—é-ff"o'e—‘f'{/e{‘ ‘ o0 ; wn="T
(3 AT e a ﬂfﬁ +n=28
10 10
0 0.1 0.2 0.3 0.4 0.5 10° 10! 102 10° 10
ADOP value [-] Ellipsoid volume [-]

Figure 20: the # of integer used in BIE (a = 107°) is shown on the y-axis, based on different
ADOP values (left plot) and with respect to the associated ellipsoid volume (right plot). Note
that the mean number of integers has been computed here based on 500 simulations.

54 | Page



LAMBDA Toolbox

3
TU Delft Version 4.0 — Documentation

3.3. Ps-LAMBDA functionalities

The overview of Ps-LAMBDA functionalities is given in Figure 21.

[ Description ][ IVIB IRI IVIB ILSI ILS ]
| meace | [BErmesterne| [ vs | s [eea | | L
{ ADOPapprox ‘ ‘ {:}?;ﬁ;:f:ggg) H UuB ] uB | UB \ approx. \approx ‘
| everimnce || Veelamcemethod || up | 3 | B | B | 1B |
s || Mormmer (v | e | s | ws | ue |
e tigoanue || Pemmiemetiod ||| | . [ . [
- \us Eigenvalue | | Biemvalnemethod ||y | yg | yg | uB | uB |
I e Mol | S R SR N
‘ UB_Pullin H P““'(g‘p;‘fgig’o‘u’;‘g;h°d \ \ UB \ UB [ UB \ UB \ UB \
{ Numerical ‘ ‘ (simllv;il;lti:;{?:se d) Happrox ]approx lapprox [approx lapprox ‘

Figure 21: Overview of all Ps-LAMBDA functionalities available in this new v4.0 toolbox.

The LAMBDA 4.0 toolbox implements several methods for statistical evaluation, based on
analytical expressions, lower/upped bounds and approximations for the success rate. For
what concerns numerical simulations, those are available for the I-estimators, as well as for
| A-estimators, where we compute both success rate and failure rate.

In the next sections we will briefly review the implemented methods, i.e.

> Analytical 1B formulation | Section 3.2.1
» ADOP approximation | Section 3.3.2
» Lower Bound by Variance method | Section 3.3.3
» Upper Bound by ADOP method | Section 3.3.4
» Lower Bound by Eigenvalue method | Section 3.3.5
» Upper Bound by Eigenvalue method | Section 3.3.6
» Lower Bound by Pull-in region method | Section 3.3.7
» Upper Bound by Pull-in region method | Section 3.3.8
» Numerical simulations | Section 3.3.9

while we start with a short review of some definitions adopted in the next sections.
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We assume the float ambiguity vectors @ € R™ to be normally distributed around a € Z",
which is the true but unknown integer vector. The Probability Density Function (PDF) is

1 exp (_ llx — alléaa>
1/ det(ZnQdd) 2

where Q44 € R™ ™ is the vc-matrix of the float ambiguities.

fa(x|a) = (86)

At this point, we define:

e Success Rate (SR)
The success rate P is the probability of correctly fixing the ambiguity, i.e. it is equal to the
probability that @ resides in the aperture pull-in region Q, (Verhagen, 2005), which refers
to the integer vector a, and this SR probability can be computed as

=] falxla)dx (87)
Qq

where ), depends on the estimator being selected.

e Failure Rate (FR)
The failure rate Py is the probability of wrongly fixing the ambiguity, so as the probability

that the float solution is fixed to a wrong integer. In this case, @ resides in aperture pull-in
regions (), for z € Z™ with z # a. This FR probability can be computed as

Py = Z ffd(xla)dx (88)

z€Z™(a} "~ 2

with the PDF still centered on the true, but unknown, integer ambiguity vector a.

e Undecided Rate (UR)
The undecided rate P, is the probability that the ambiguity is not fixed to an integer vector,
and therefore a float solution is returned. This UR probability can be computed as

P,=1-(P+P)=1- Z J fa(x|a)dx (89)
zeZm Q7
where for I-estimators this probability is exactly zero, i.e. B, = 0, as a consequence of the
so-called ‘no gaps’ condition introduced in Eq.(18). For |A-estimators, P, > 0 and this is
the complement of the fix-probability, i.e. probability that the outcome is an integer, which
is not always guarantee in the IA-class since P, + P, =1— P, < 1.
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An illustration is given in Figure 22, for both I-class and IA-class, based on a 2D example,
where the ILS pull-in regions have been shown for reference in blue color.

I-class IA-class

2 + - + +

1

14

-11_ 2 it - i
Figure 22: An illustration of PDFs with colored regions (in 2D and 3D) for successful fixes (in

green), wrong fixes (in red) and float solutions (in grey). On the left and right sides, an
example for Integer estimators and Integer Aperture estimators is shown, respectively.
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Lastly, it is also convenient to introduce an additional diagnostic, i.e.

e Successful-fix Rate (SfR)
The successful-fix rate is the probability of a successful fixing, given as

def S Ps

Py
STRh+P 1-R

(90)
where for l-estimators Ps; = P; since P; + Pr = 1. We refer the reader to the example in

Figure 15 relative to 1A-estimators where this successful-fix rate has been shown based on
a numerical simulation in 2D, while varying the aperture parameter.

3.3.1. Analytical IB formulation
The integer bootstrapping success rate can be evaluated exactly (Teunissen 1998):

Psig = P(djg = a) = 1_[ lzq)( ) l (91)
Zl|1

with a € Z™ and the cumulative normal distribution ®: R — [0,1] is given as

d(x) = \/_f exp< )dt (92)

while 241 is the conditional standard deviation of each i-th ambiguity component being

conditioned onto previous ones, where I = {i + 1, ...,n}. This analytical formulation also
shows, as already mentioned in Section 3.2.2, that a re-parametrization of ambiguities can
lead to different results and it is generally related to different SR values.

Note that in LAMBDA 4.0 the triangular decomposition is considered with a convention
‘last-to-first’, where the last components are the most precise ones. This analytical result is
also exploited in PAR estimator (see Section 3.2.4), as ordering of conditional variances
allows defining a larger subset that satisfy the minimum SR criterion given in Eq.(44).

An example for a 1D case is shown in Figure 23, where the IB success rate is shown for
different values o € R, i.e. the unconditional standard deviation since n = 1. In general, it
is visible how the success rate drops below 95% for o > 0.25, and in the multidimensional
case the product in Eq.(91) will quickly become even smaller.
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Figure 23: lllustration of SR for Integer Bootstrapping estimator given different precision
o € [0, 1] for the (scalar) ambiguity normally distributed around the true integer a = 0.

3.3.2. ADOP approximation
Given that the Z-transformation is volume preserving, for a re-parametrization z = Z7a
and an admissible matrix Z € Z™" it follows that |det(Qz4)| = |det(Q;;)|. On the other
hand, by exploiting the triangular decomposition in Section 3.1.1, we can write

|det(Qaa)| = |det(Dg)| £ |det(D;)| = |det(Qz2)| (93)
with D4 and D, being diagonal matrices, such that

i=n i=n
i=1 i=1

that are the conditional variances for the original and decorrelated ambiguities. In this way,
it is possible to define an upper bound (Teunissen, 2000) for the IB success rate described
in the previous section.
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Hence, starting from Eq.(91), we can define

0.5 n o
P15 < Psapop & [zqn (m) - 1] (95)

with the Ambiguity Dilution of Precision, or ADOP (Teunissen, 1997), given as

1
ADOP = |det(Qzp)|2n (96)

that captures the main characteristics of the ambiguity precision.

This quantity has been described in Teunissen and Odijk (1997) or Odijk and Teunissen
(2008), and it is Z-invariant. The latter follows from the volume preserving properties of
the Z-transformation, and allows very easily computing an upper bound for the IB success
rate. We should be careful however, that this ADOP formulation is not an upper bound to
ILS, but only for IB. A similar formulation for VIB estimators is provided in Teunissen et
al. (2021), but is not considered here since dependent upon the specific partitioning being
selected by the user. We refer to Lemma 7 in (ibid) for more mathematical details.

One main advantage in the adoption of the ADOP, is that the user might evaluate (before
any decorrelation) if the SR is too small. In this case, it can be immediately concluded that
IB will not be successful for any parametrization of the ambiguities. When the latter ones
are perfectly decorrelated, the ADOP equals the geometric mean of the standard deviations
of the ambiguities, therefore it can be considered as a measure of the average precision
over the entire ambiguity subsets.

3.3.3. Lower Bound with Variance method
So far, we have seen that an exact SR formulation exists for the IB estimator, and an upper
bound can also be found based on the ADOP formulation. Both these solutions represent
an upper bound to IR estimators, as well as for VIB;r, and therefore it seems convenient to
define also possible lower bounds. In general, the n-fold integral over the IR pull-in region
is difficult to evaluate, except for the case where Q44 is diagonal. In Teunissen (1998a), a
SR lower bound for Q44 being non-diagonal is provided, such that

i=n
0.5
Pyir = P(lig = @) > l_[ [ch <G—> _ 1] (97)
i=1 a;

where we are now considering the unconditioned standard deviations o5, Vi = 1,...,n in
the cumulative normal distribution function ®: R — [0,1].
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This previous lower bound also varies based on the ambiguity parametrization, while we
know that it will always be smaller than the 1B success rate computed in Eq.(91). When
considering the SR performance ordering described in Figure 10, we can conclude that this
variance method provides a lower bound for all I-estimators in LAMBDA 4.0, and in the
limit o5, » 0,Vi =1, ..,n, we have Pg;g — 1, so the simplest IR solution might have a
sufficient success rate value without the need of other more complex I-estimators.

3.3.4. Upper Bound with ADOP method
In addition to a lower bound for all I-estimators implemented in LAMBDA 4.0, we also
have an upper bound for ILS, which is optimal in the I-class. It follows that such an upper
bound holds for any estimator in this class and it has been introduced in Hassibi and Boyd
(1998), whereas the proof has been given later in Teunissen (2000). It follows that

2
Puns <P (13 < apgpa). en = %[%F Gl 48)

with I'(+) as the gamma function and y2 being the Chi-squared (central) distribution.

3.3.5. Lower Bound with Eigenvalue method
For what concerns the ILS estimator, is it possible to define other lower bounds other than
using the exact IB solution. This is based on bounding the actual vc-matrix by a diagonal
matrix, where the ILS success rate for such bounding matrix becomes straightforward, see
Teunissen (1998a). The simplest way is to make use of the maximum eigenvalue Ay, i.€.

aa < Amaxln (99)

where I, is the identity matrix of order n. A lower bound for ILS follows as

20 %) -1 (100)

In general, this bound might be too loose if the hyper-ellipsoid is highly elongated, and for
instance when the ambiguities are highly correlated. Still, following a decorrelation step,
the elongation of the ambiguity search space is considerably reduced and this bound might
become much sharper when using the eigenvalues of the transformed vc-matrix.

eig ger
PS,ILS = PLB =
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3.3.6. Upper Bound with Eigenvalue method
The previous same procedure might be employed to find an upper bound based on the use
of the minimum eigenvalue A,,;,, SO We consider
Qdd = Aminln (101)

and an upper bound for ILS follows as

0.5 "
P.oyc<PoB e o ——)—1 102
s ILS = fyp = ( )

\/ Amin

Even if Q4 1s diagonal, both lower and upper bounds being computed with the eigenvalue
method might be too loose. In fact, the two bounds coincide only when the vc-matrix is a
scaled unit matrix, i.e. Q44 = Al,, for an arbitrary 2 > 0. Note that in this particular case

also the ADOP is trivial to be found, as it will directly be given by V2.
In general, following the definition of ADOP, we can also show that

B%E < Psapop < Pyp (103)

where we have seen that P15 = Ps apop = Ps 1 for any parametrization. In Figure 24, this
last relationship is illustrated with bounding ellipses for bounds based on the eigenvalue
methods, along with an ADOP approximation (as given in Section 3.3.2).

2+ - - . -
Ellipses (at P90)
= B Area
) —Q = Qaa
1T *| --.Q = ADOP?I,
Q = AmazIn
;“’ _Q = Amindn

0t

2
+
+
o+

Figure 24: Illustration of the lower/upper bounding ellipses for the vc-matrix of ambiguities
based on its minimum and maximum eigenvalue, along with the ADOP approximation. The
ellipses are plotted at P90, i.e. containing samples with a 90% probability.
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We should observe that while the upper bound based on the eigenvalues’ approach holds
for any estimator in the I-class, the lower bound refers only to the ILS estimator. After the
decorrelation, the ratio between two extreme eigenvalues is pushed towards its minimum
of one, therefore the two bounds will move closer to each other.

3.3.7. Lower Bound with Pull-in region method
Another approach for finding lower and upper bounds for the ILS success rate is presented
in Teunissen (1998a), so bounding the integration (pull-in) region. For the lower bound,
such region L, is selected such that is completely contained by the original pull-in region,
i.e. Ly © P, 1s, and therefore it follows that

Pgys =P(a € Pyys) = P(@€EL,) (104)

where this region should be chosen such that the corresponding probabilities are easily
evaluated in practice. For instance, we can define an ellipsoidal region L, to expand this
pull-in region from the inside. The new region can be defined as

1
— n _ 2 < i 2 105
Lo = {x e R" | Ix = all3,, <7 min, lull3,,} (105)

where this ellipsoid will depend on the vc-matrix Q;; € R™™. A graphical representation
of this region for two different examples is given in Figure 25.

+2+

+11

Figure 25: Illustration of two examples for the ellipsoidal region (blue) contained by the pull-
in region Py s based on two different variance-covariance matrices Qa4 € R%%2,
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The lower bound can therefore be evaluated based on
P “P@el,) =P 2<1 ' 2 (106)
LB,region = (a € a) - In = Zue%l"l\r%o}”u”Qaa
where y2 refers to the chi-squared (central) distribution with n degrees of freedom.

3.3.8. Upper Bound with Pull-in region method
A class of upper bounds for ILS estimators has been introduced in Teunissen (1998a), i.e.
based on a region U, completely containing its pull-in region. Therefore, we consider

Psis = P(@ € Pyys) < P(@eUy,) (107)

where P, 115 © U,. From the expression of the ILS pull-in region in Eq.(34), we can define
any finite intersection of p < n banded subsets that will enclose 2, 1., S0 having

OG-

U, ={x€eR"
a { e

1 ,
‘ <5lledlos, =1, P} (108)

with an illustration in 2D given in the following Figure 26. The latter shows two different
banded subsets (in yellow and cyan), which intersect in a convex region (in green). This
new region completely contains the pull-in region for the ILS estimator (in light green), but
other choices for these banded subsets are still possible for different c;-vectors.

+
-2

2 -1 0 +1 +2
Figure 26: lllustration of the integration region (green), which completely contains the ILS
pull-in region (light green), being defined here by the intersection of two banded subsets.
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Given p > 1, by defining the p-vector v = (v, ...,vp)T for

0z - a

2
le:lI3,

i=p 1
Ua={x€R”| ﬂ Ivilsi} (110)
=1

and therefore P(d@ € U,) equals the probability that the ‘component-wise rounding’ of this
vector v € IRP produces the zero vector.

Vi =

) I' = 1 "'p (109)

then we can write

Given that this probability cannot be evaluated exactly, the latter can still be bounded from
above using an IB upper bound of integer rounding (Teunissen, 1998b), such that

i=p
ot 1—[ 0.5
PUB,region = 20 pu -1
i=1 Vi1

with the conditional standard deviations Tvyy of vector v. These are equal to the square root

>P(@eUy,) (111)

of the diagonal elements of D,, from a LTDL-decomposition of Q,,,, whose entries are

TH-1
€i Qaa€j

- ”Ci”Qaa”Ci”Qaa'

Ci,¢j EL" (112)

Uvivj

where ¢;, i = 1, ..., p, need to be linearly independent to guarantee the full-rank of Q,,,,.

Hence, Eq.(111) and Eq.(112) provide a class of upper bounds as the user still has freedom
in choosing the independent set of p < n integer vectors c; € Z", see (Teunissen, 1998a)
or (Verhagen, 2005, p.41). The simplest choice would be to choose them as the standard
(canonical) basis, i.e. as the n columns of the unit matrix I,,.

In that particular case, the required conditional variance will simplify to

1

02 =——") i=1,..,p 113
o = el 0 (19)

aa 4|

where we recall the conditional standard deviations Tuyy already used in Eq.(111).
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3.3.9. Numerical simulations
The computation of success and failure rates can be approximated by means of numerical
simulations. This Monte Carlo method assumes the float solution @ as normally distributed
around the true (but unknown) integer vector a, i.e. @ ~ N (a, Qz5). Given the symmetry
about the mean a, we can make use of the ‘integer remove-restore’ property and directly
draw samples from N (0, Qz4). This procedure can be adopted either before or after the
decorrelation of ambiguities, whereas for many estimators this leads to different results.

In LAMBDA 4.0, we generate n independent random samples with a univariate standard
normal distribution V°(0,1), then collected in a vector s € R™. By computing a Cholesky
factor G € R™ ™ as Q45 = GG, it becomes then possible to transform @ = Gs, where we
have @ ~ V' (0, Qz4). Note that a certain number of samples N > 0 could be specified by
the user, nevertheless can also be computed following Section 5.1 in Teunissen (1998a) or
Section 3.4 in Teunissen (2001b). A minimum number of samples N,,;, is defined for the
approximation precision, as briefly discussed here.

The number of samples required to have an accurate simulation of success rate is based on
a Chebyshev inequality (or Bienaymé-Chebyshev inequality), i.e.

Po(1 = Py)

0
——P, T
€sr

N
dl
where the term on the left side is the probability that the relative frequency N,/N differs
more than esg from P, = P(a = 0), the latter being the probability of correctly fixing or
success rate. After setting this probability to a small value, e.g. Py« = 0.01, it is possible
to use the previous inequality to find the minimum number of samples being required as

_=ﬁu—%)

L2
Phax " €5r

>%g< (114)

(115)

where P, is approximated by the IB success rate®. At this point we can provide a numerical
example that shows the minimum number of samples requires for each success rate value.

In Table 1, assuming P.x = 0.01 and esg = 0.001, we note that for a SR equal to 0.999
and 0.99 we would need 100'000 and 990°000 samples, respectively. When considering a
success rate P, = 95%, this value further increases to almost five million samples, which
is around 50 times larger than for Py, = 99.9%.

® The maximum of this function is found for P, = 0.5, whereas Ny, — 0 for P, = 0 or P, - 1.
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Table 1: Minimum number of samples needed for different success rates’ approximations

P, = 50 % 90 % 95 % 99 % 99.9 %

Npin = | 25-10° 9-10° ~4.8-10° 990-10° | ~ 100 - 103

A further numerical example is given in Figure 27, where we consider an IB success rate
of 99.331%, and we compare the exact IB success rate value with the one obtained via
numerical simulations. For thirty independent instances, a number N of samples is used to
approximate the SR, showing how a better approximation is possible when number of
samples increases. From Eq.(115), while using P,,x = 0.01 and esg = 0.001, it follows
that N, = 665’000, which is consistent with the numerical results found.
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Figure 27: Graphical illustration of IB success rate approximation using different numbers of
samples, and independently repeated over thirty multiple instances.

3.3.9.1. Monte Carlo approximation for SR and FR
In LAMBDA 4.0, both success and failure rates can be approximated. For I-estimators we
know that P; + Pr = 1, therefore FR is obtained using the SR numerical approximation,
but this is not possible for IA-estimators, since we also have an undecided region, such that
P; + Pr < 1 and both SR and FR need to be found. In this new LAMBDA 4.0 release, the
numerical simulations are made available for all estimators except for BIE, where there are
no pull-in regions and its ‘fixed’ solution is de facto real valued.
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In the case of I-estimators, we directly consider

N Ny N - N
TN’ TN~ N
where Ny is the number of float samples that are fixed by a selected I-estimator to the zero
vector, which is assumed to be the true integer a € Z™.

(116)

In the case of IA-estimators, the previous expressions can still be used, but this time we
have a different definition for Ny and Ng. In fact, we count the occurrences for which the
output is an integer, and then whether it is fixed to a € Z" or z € Z™ with z # a. Hence,
we generally have Ng + Ny < N, while the user can also retrieve P, or eventually compute
the Successful-fix Rate (SfR), as being defined in Section 3.3.

All these routines have been optimized for being efficient in higher dimensional problems,
where the enhanced search performances discussed in Section 3.2.3.2 would further benefit
the numerical computations involved for these approximations. In all cases, the adoption of
the ambiguity decorrelation before the numerical simulation is highly suggested.
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4. Practical applications

The LAMBDA 4.0 toolbox provides an efficient implementation of different methods in
the framework of ‘LAMBDA Theory’, and it aims to make available an extensive set of
mathematical tools in order to tackle generic mixed-integer estimation models (see Section
2.1). For these models, the successful resolution of the unknown ambiguity parameters,
which are subject to integer constraints, is fundamental.

Each specific problem might require an ad hoc solution, therefore LAMBDA 4.0 toolbox
offers several standalone solutions that can be configured by the users, so easily adapting
the current functionalities to existing software. Problems that can make use of LAMBDA
are not limited to GNSS applications, but several non-GNSS applications have also shown
the potentiality of LAMBDA method for ambiguity resolution.

Some ambiguity resolution problems arise in GNSS applications, e.g.

e precise point positioning (Teunissen, 2020b);

e integer cycle-slips resolution (Teunissen and Bakker, 2015);
e time and frequency transfer (Mi et al., 2023);

e atmosphere remote sensing (Lu et al., 2018);

e carrier-phase attitude determination (Giorgi, 2011);

e relative navigation for S/C formation flying (D’ Amico and Montenbruck, 2010);

meanwhile many others can be found in non-GNSS applications, e.g.

e detection in MIMO communication systems (Damen et al., 2003).
e phase observations for INSAR deformation monitoring (Teunissen, 2006);
e use of acoustic waves for underwater navigation (Viegas and Cunha, 2007);

e fringe phase observations from VLBI (Hobiger et al., 2009);

ceey

and these are only some of the potential applications for the new LAMBDA 4.0 toolbox,
while its rigorous mathematical framework is generalized to any mixed-integer model, as
previously described in Section 2.
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At this point, in the next sections, we can consider a few illustrative examples in order to
demonstrate LAMBDA 4.0 capabilities, thus focusing on both “estimation and validation”
(with LAMBDA), along with the “statistical evaluation” (with Ps-LAMBDA).

4.1. LAMBDA examples: estimation and validation
The LAMBDA 4.0 provides a versatile toolbox with many estimators, which are suitable
for different problems. With LAMBDA main script (see Figure 28), the user has access to
three different classes of estimators, which enable both estimation and validation in the
integer ambiguity resolution process.

LAMBDA
IN ouT
(oo ) [1] | 2
a0z, a..

Figure 28: Overview of LAMBDA main script supporting estimators in the I-/IA-/IE-class.

Still, different methods might have different characteristics, and therefore could be suitable
for specific types of problems, based on mixed-integer models. A few examples will be
given in the following sub-sections. These illustrative examples are taken from the body of
knowledge, and they demonstrate the potentiality of the LAMBDA toolbox.

4.1.1. Example #1: high dimensional ambiguity resolution
The advent of denser network processing, along with the growth of multi-frequency/multi-
GNSS constellations, has contributed to the increase in dimensionality for many ambiguity
resolution problems. In Li and Teunissen (2011), an analysis with a network of 19 stations
has been presented based on LAMBDA 3.0, showing its efficiency even when the number
of ambiguity components is more than 100.

However, nowadays, much larger networks are being processed and even thousands of
ambiguity components might be found. In this case, even the adoption of the new integer
search-and-shrink strategy (Section 3.2.3.2) might result in a computational bottleneck. It
follows that more flexible solutions should be considered, as discussed next in relation to
Vectorial Integer Bootstrapping estimators (see Section 3.2.5).
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The VIB estimators, introduced in Teunissen et al. (2021), are currently integrated in this
LAMBDA 4.0 toolbox. For integer ambiguity resolution in network processing, common
widelane/narrowlane techniques can be shown (ibid) to be just a particular case of the VIB
estimators. This vectorial approach has been adopted in the context of global network
processing, more precisely for Orbit Determination and Time Synchronization (ODTS). In
fact, the VIB estimators are also in use by TU Graz in their GROOPS' software adopted
for the third IGS reprocessing campaign, see Strasser (2022).

In Massarweh et al. (2021), the VIBy g estimator is compared with its scalar counterpart in
a small global network processing (14 stations) for GPS+Galileo constellation. In Figure
29, an example of satellite orbit midnight discontinuity over a 91-day period is shown for
what concerns the scalar IB (left) and the VIB (right) solution.
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Figure 29: Example of GPS & Galileo satellite midnight discontinuity results over a 3-month
campaign in 2019 based on a small global network of 14 stations. (ibid)

The VIB processing not only proved to be highly efficient, with thousands of ambiguities
grouped in subsets of 200 components, fixed in fractions of a second, but it also provided
more robust ODTS results validated over a 3-month period. Even larger problems could be
tackled, given the flexibility in the VIB partitioning, i.e. selected by the user. We refer to
Massarweh et al. (2021) for additional information.

© GROOPS stands for “Gravity Recovery Object Oriented Programming System software”, which
is available at https://github.com/groops-devs/groops. (Mayer-Guerr et al., 2021)
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4.1.2. Example #2: controlled failure-rate
In Hou et al. (2016), new coefficients for the Fixed Failure-rate Ratio Test (FFRT) have
been introduced. In this way it is possible to generate critical values according to an user-
defined tolerable failure rate. This approach outperforms traditional methods where the
critical value is directly defined by the user. An example from (ibid) is shown in Figure 30,
where GPS dual-frequency data in a long baseline (182.7 km) is collected over one week,
and is processed with a modified implementation of RTKLib (https://www.rtklib.com).

Float Fixed without Ratio Test Fixed with Ratio Test
0.5 — N 0.5 05 =
Empirical 99.7% (37) Empirical 99.7% (30) Empirical 99.7% (37)
p.3 confidence ellipse: 0.3 confidence ellipse: 0.3 confidence ellipse:
01 p T o1 E 0.1
z @ z =z O
<1-0.1 " < -0.1 1-0.1
-0.3 Semi-major axis - -0.3 Semi-major axis -0.3 Semi-major axis
R=0.1209 m R=0.2238 m R=0.0571m
-0.5 . : -0.5 -0.5
-05 -0.3 -0.1 0.1 03 05 -0.5 -03 -0.1 0.1 03 05 -05 -03 -0.1 0.1 03 05
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(a) (b) (0)
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~ Empirical 99.7% . iri T ) .
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Eo-az M 0.3 - —EO'S confidence bar:
< i =) <]
Aot ’ : 4-0.1 0.1
0 : -0.3 03
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-0.5 -0.5 -0.5
20 21 22 23 24 25 26 20 21 22 23 24 25 26 20 21 22 23 24 25 26
Day of 02/2015 Day of 02/2015 Day of 02/2015
(d) (e) 53]

Figure 30: Positioning errors for the horizontal (top) and vertical (bottom) components, while
considering a float solution, along with an ILS and IA-FFRT fixed solutions. (ibid)

The upper and lower plots show the horizontal and vertical errors, respectively, while the
float solution (in red) is compared against two estimators (in green). The ILS fixed results
without and with Ratio Test show a visible difference, where the test effectively prevents
many incorrectly-fixed ambiguities.

In the context of short-baseline GPS performances, i.e. 11 km baseline data, the controlled
FR of 0.1 % is adopted by Odijk et al. (2012) for instantaneous ambiguity resolution. The
FFRT enables the user to have control of the rate of wrong fixes in contrast to traditional
fixed ratio test values. Still, IA-FFRT estimator performances depend on the correctness of
underlying functional and stochastic models.
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Additional results are also presented in Odolinski et al. (2014), where LAMBDA FFRT is
adopted to validate the resolved ambiguities in Real-Time Kinematics (RTK) positioning
based on BDS+GPS multi-frequency data.

4.1.3. Example #3: on MSE-optimal solutions
The success and failure rates are not the only metrics in use for 1AR, since estimators from
the IE-class are actually not characterized by pull-in regions. In fact, for user positioning, a
MSE criterion might be a very good choice for defining optimal solutions. The BIE, now
available in LAMBDA 4.0 toolbox, is MSE-optimal in the IE-class, and it has been studied
during the last two decades.

A more recent numerical example is given by Brack et al. (2023), where 2-epoch cm-level
positioning is achieved using BIE (Figure 31) without external atmospheric corrections.
These analyses by Brack et al. (2023) demonstrate the optimality of BIE, in particular with
the objective to reduce the convergence time from tens of minutes to few epochs. This is
possible especially for the horizontal component in absence of external corrections, and
when combining multi-GNSS constellations.
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Figure 31: An example of simulated 3D RMS positioning errors relative to the float solution,
where dashed line are the theoretically minimal values assuming the ambiguity known. (ibid)

Additional results are also presented in Odolinski and Teunissen (2020), where different
baselines for RTK positioning are examined when adopting BIE. In Figure 32, an example
of north positioning errors is given for different model strength, while comparing BIE (in
green), ILS (in magenta) and Float (in back) solutions. As shown in Figure 19, for a very
low or high success rate the BIE precision resembles the one of the Float or ILS solutions,
respectively.
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Figure 32: An illustration of histogram errors in RTK for the North positioning component is
given for different model strengths, comparing ILS (magenta), BIE (green) and Float (black)

solutions. (ibid)

Additional BIE-based implementations have been also proposed. For instance, Miao et al.
(2024) presents a VIB-BIE for efficient and reliable IAR, thus combining the flexibility of
vectorial methods, while using a BIE estimator in sequential ambiguity subsets.
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4.2. Ps-LAMBDA examples: statistical evaluation
The LAMBDA 4.0 offers many relevant statistical measures for experimental and design
purposed. With Ps-LAMBDA main script (in Figure 33), the user has access to different
methods, which includes bounds and approximations for several estimators in | and 1A
classes. In addition, numerical approximations are possible, thus enabling the computation
of SR and FR for the different estimators described in the previous section.

Ps-LAMBDA
- —
L o e 2T
Qaa SR, FR

Figure 33: Overview of Ps-LAMBDA script supporting estimators in the I-class and 1A-class.

For more information about the impact of decorrelation on SR bounds/approximations, we
refer to Wang et al. (2016), where simulations are used to compare performances. At this
point, we discuss here some possible applications of Ps-LAMBDA functionalities.

4.2.1. Example #1: assessment SR with biased models
An application of Ps-LAMBDA simulations is given in Li et al. (2014), where ambiguity
resolution performances for biased model have been investigated in the presence of both
tropospheric and ionospheric biases. An illustrative example is given in Figure 34.
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Figure 34: Success rate contours of bias-affected AR in 1D, given @® ~ N(Aa, 63), see (ibid).

0.01
0

75 | Page



LAMBDA Toolbox

3
TU Delft Version 4.0 — Documentation

A minimum success rate is set to P, = 99.5 %, and time-to-first-fix (TTFF) is the number
of epochs needed to meet this requirement. An example for tropospheric biases from 0 to 3
cm is then provided in Figure 35 from (ibid), while considering a CORS baseline model
(parameters are not estimated but held fixed), along with a static and a kinematic one. A
few different ionospheric constraints are adopted, while the mean TTFF is illustrated with
respect to the t (tropospheric bias), where "u" refers to the unbiased model. We refer the
reader to (ibid) for more details.
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Figure 35: The mean Time-To-First-Fix (TTFF) is shown as function of the tropospheric bias
T between 0 and 3 centimeter, while considering different ionospheric constraints. From left
to right, the iono-weighted CORS, static and kinematic baseline models, see (ibid).

4.2.2. Example #2: computation SR bounds and approximations

The Ps-LAMBDA functionalities enable to promptly compute several SR bounds and/or
approximations based on a certain variance-covariance matrix Qz4 given in input. In Wang
et al. (2023), an example based on a dual-frequency GPS model is shown, starting with a
standard deviation of 30 cm and 1 cm for code and phase observables, respectively. Then,
a scaling factor F is adopted to analyze the ambiguity SR and boundary performance under
different precisions, i.e. Q5; = FQga4. In Figure 36, taken from (ibid), the different bounds
and approximations are visible as function of F € [1,10], while the success rate for IR, IB
and ILS estimators has been computed via numerical simulations.
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Figure 36: Example of success rate bounds and approximations based on static simulation for
GPS dual-frequency data, where F is a scale factor applied to the ambiguity vc-matrix. More
details can be found in (ibid).

4.2.3. Example #3: design analysis for future GNSS systems

The availability of analytical formulation for SR, FR and SfR, enable the user to evaluate
expected performance of GNSS systems while varying key parameters such as the signal
frequency. This is fundamental when designing new systems, for instance also in view of
future navigation satellite constellations in Low Earth Orbit (LEO). Psychas et al. (2021)
present a convergence analysis with emphasis on the role of frequency spacing, starting
with Galileo E1+E5a signals and numerically evaluating PPP-RTK ambiguity resolution
and positioning convergence capabilities as function of the spacing of frequencies.

In Figure 37 from (ibid), a numerical example is provided varying Galileo third frequency
between 1 GHz and 2 GHz. The multi-epoch, ionosphere-float, triple-frequency user AR
performances are provided for six observed satellites on DOY 166 in 2020. The formal SR
is shown on the left plot, while accounting for a different number of epochs, whereas the
horizontal positioning precision gain for Partial AR (>99.9%) is illustrated on the right plot
based on a 30 cm and 3 mm standard deviation for code and phase observations. We refer
to (ibid) for a complete discussion on the key role of multiple frequencies in PPP-RTK
ambiguity resolution.

77 | Page



LAMBDA Toolbox

3
TU Delft Version 4.0 — Documentation

E E E1
21 5a |G |
=19 1 1
' 17 ! !
> 1 1
o & : \
S > i -
o 1 1
% 4 1 1
R S B T T ol A o | 1
1
= #epochs:1 |- !
£ = # epochs: 5 '
2 # epochs: 10 ” ‘ * FAR_+ PAR
= # epochs: 20 | - < ! ! + 60
o 30
# epochs: 30 2 10 1 [ T 20
=4 epochs: 60 o T ! . s 15
:* 1 T 1 | T |
1000 1200 1400 1600 1800 2000 1000 1200 1400 1600 1800 2000
Third frequency [MHz] Third frequency [MHz]

Figure 37: Numerical assessment based on the Galileo multi-epoch, ionosphere-float, triple-
frequency user ambiguity resolution as function of a varying third frequency and number of
used epochs for six satellites on DOY 166 in 2020. On the left and right plots, we respectively
illustrate the SR and horizontal precision gain after successful PAR (99.9%), see (ibid).

The aforementioned analyses are made possible in this LAMBDA 4.0 toolbox, and another
notable example concerns the investigation over a standalone GLONASS FDMA+CDMA
RTK performance, as presented by Zaminpardaz et al. (2021). The worldwide ambiguity
resolution performance is examined during DOY 222-229 in 2020, while using a cutoff
elevation angle of 10°. In Figure 38 from (ibid), the ADOP value and bootstrapped success
rate are shown on the top and bottom plots, respectively. Hence, GLONASS FDMA-only
(L1+L2) and FDMA+CDMA (L1+L2+L3) scenarios are numerically compared.
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Figure 38: Example of color maps for the current average ADOP (top) and bootstrapped SR
(bottom) for GLONASS FDMA-only (left) and FDMA+CDMA (right) performance. See text
for more information, while we refer to (ibid) for more complete details.
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Similar GNSS applications are also presented by Brack et al. (2021), where a five-system
analysis is carried out for RTK performances, so using GPS (G), Galileo (E), BeiDou (C),
QZSS (J) and GLONASS (R) constellations. An example for long baseline between PERT
and NNOR stations (around 88.5 km) is shown in Figure 39, where GLONASS is based on
a FDMA-only model, thus showing no benefits in the five-system configuration.

IB success rate

ADORP [cycle]

20 40 60 80 100
Epochs [30s]

Figure 39: Example of average success rate (top) and ADOP (bottom) values with respect to
the number of epochs for a dual-frequency scenario. The black line in the bottom plot marks
0.12 cycles, see (ibid).

A few additional examples can be found in (ibid), e.g. based on a short (CUT0-CUTA, 8.4
meters) and a medium (CUTO-PERT, 22.4 kilometers) baseline. However, such statistical
evaluations are not limited to GNSS constellations, and several examples can be found in
literature where the Ps-LAMBDA functionalities are exploited also in frequency-varying
carrier phase terrestrial system. We refer the reader to Khodabandeh and Teunissen (2023)
for a simulated example of the ambiguity-fixed performances based on cellular Long-Term
Evolution (LTE) transmitters.

79 | Page



LAMBDA Toolbox

3
TU Delft Version 4.0 — Documentation

5. Terms and Conditions
In this section, the following definitions shall be considered:

+ LAMBDA 4.0, being the toolbox software described in this documentation, and being
developed by LAMBDA Team at the Delft University of Technology (TU Delft);

« LAMBDA Team, or "We", being the official providers and management team at TU
Delft for this LAMBDA 4.0 toolbox;

« LAMBDA User, or "User", being the person, institution and/or program using the
LAMBDA 4.0 toolbox.

By making use of this LAMBDA toolbox, the User agrees that

1.

LAMBDA 4.0 is available free of charge, it can be used by any individual and for
any purpose except where specific restrictions are indicated.

We do *not* guarantee the accuracy of any data, software or services connected
with LAMBDA 4.0, and accept *no* responsibility for any results of their use.

We accept *no* responsibility for the consequences of any temporary or permanent
discontinuity to LAMBDA 4.0, while we will make all reasonable effort in order to
maintain continuity and to provide an adequate warning in the case of any changes
or discontinuities.

We do *not* authorize the redistribution of this software package, which much be
obtained exclusively from the Team (Section 5.1).

We place *no* restrictions on the usage of LAMBDA 4.0, both for research and/or
commercial uses, but we require the User to cite the toolbox (see Section 5.4).

5.1. Availability
The LAMBDA 4.0 toolbox is available free and open source from the PNTLab website:

http://pntlab.tudelft.nl/LAMBDA
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5.2. Updates

We welcome any suggestion for improving the LAMBDA 4.0 code, the documentation
and user manual. We also would like to encourage you to communicate to us about results
obtained with the LAMBDA method, and comparisons made with other methods.

We would also be much obliged if you inform us in the case you decide to use the method
commercially. As mentioned before, there are no restrictions on that, other than properly
acknowledging the designers of the method and their employer, i.e. LAMBDA Team.

NOTE: if you are planning to make a version in another language and would like to make
it public, we would like you to contact us (Section 5.5) for coordinating the efforts.

53.  Liability

Use of the accompanying LAMBDA 4.0 software is allowed, but no liability for the use of
the software will be accepted by the LAMBDA Team. We ask you to refrain from passing
the software to third parties. Instead the software can be requested directly from us.

NOTE: giving proper credits to the authors (see Section 5.4) is the only condition posed
upon the free use of this LAMBDA 4.0 toolbox.

5.4. How to cite
We request users to cite the toolbox as follows:

Massarweh, L., Verhagen, S., and Teunissen, P.J.G. New LAMBDA toolbox
for mixed-integer models: estimation and evaluation. GPS Solut 29,14 (2025).
https://doi.org/10.1007/s10291-024-01738-z

5.5. Support contact

For any inquiry about this LAMBDA 4.0 toolbox, or other general questions on LAMBDA
methods, we suggest users to contact us at

LAMBDAtoolbox-CITG-GRS@tudelft.nl
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Appendix A: list of abbreviations

The list of abbreviations (acronyms & initialisms) is given below.

Abbreviation Description
1D 1-dimensional
2D 2-dimensional
3D 3-dimensional
ADOP Ambiguity Dilution of Precision
AR Ambiguity Resolution
BIE Best Integer Equivariant (estimator)
CDMA Code-division multiple access
CDF Cumulative Density Function
CiTG Civiele Techniek en Geowetenschappen (faculty)
CORS Continuously Operating Reference Station
DOl Digital Object Identifier
ECD Elliptical Contour Distribution
FAR Full Ambiguity Resolution
FDMA Frequency-division multiple access
FFRT Fixed Failure-rate Ratio Test
FR Failure Rate
GNSS Global Navigation Satellite System
GPS Global Positioning System
GRS Geoscience and Remote Sensing (department)
IAB Integer Aperture Bootstrapping (estimator)
IA-class Integer Aperture class (of estimator)
IAR Integer Ambiguity Resolution
IB Integer Bootstrapping (estimator)
I-class Integer class (of estimator)
IE-class Integer Equivariant class (of estimator)
IGT Integer Gauss Transformation
ILS Integer Least-Squares (estimator)
INSAR Interferometric Synthetic-Aperture Radar
IR Integer Rounding (estimator)
LAMBDA Least-Squares AMBIguity Decorrelation Adjustment
LTE Long-Term Evolution
MATLAB MATTrix LABoratory
MIMO Multiple-Input, Multiple-Output
MLAMBDA  Modified LAMBDA
MSE Mean Squared Error
ODTS Orbit Determination and Time Synchronization
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OIA
PAR
PDF
PPP
PPP-AR
RT
RTK
SR
SPP
SR
TTFF
UR
VIB
VIB-ILS
VIB-IR
VLBI
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Optimal Integer Aperture (estimator)
Partial Ambiguity Resolution

Probability Density Function

Precise Point Positioning

Precise Point Positioning with Ambiguity Resolution
Ratio Test

Real-Time Kinematics

Successful-fix Rate

Single Point Positioning

Success Rate

Time-To-First-Fix

Undecided Rate

Vectorial Integer Bootstrapping (estimator)
VIB with ILS (estimator)

VIB with IR (estimator)

Very Long Baseline Interferometry
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